FROM CHEREDNIK ALGEBRAS TO TORUS KNOT HOMOLOGY VIA
CUSPIDAL D-MODULES

XINCHUN MA

ABSTRACT. We prove a rational generalization of Haiman’s master formula, conjectured by Gorsky
and Negut: the bigraded Frobenius character of the associated graded of the finite-dimensional
representation L,,,, of the rational Cherednik algebra at slope m/n can be expressed using the
generator of the same slope in the elliptic Hall algebra acting on its polynomial representation. The
filtration on Ly, is induced by the Hodge filtration on the cuspidal character D-module. As a
corollary, we relate the triply-graded Khovanov-Rozansky homology of the torus knot to the sum
of hook multiplicity spaces of L,,/,, proving a conjecture of Gorsky, Oblomkov, Rasmussen and
Shende. We further provide a realization of the torus knot homology in terms of explicit coherent
sheaves on Hilbert schemes of points in the plane.
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1. INTRODUCTION

1.1. The master formula and Hilbert schemes. The symmetric group S, acts on the polynomial
ring R := Clz1,...,2n;Y1,...,Yn] by permuting the two sets of variables simultaneously. Let (Ri")
be the ideal generated by invariant polynomials whose constant terms are 0. The diagonal coinvariant
ring is the quotient DH,, = R/(Ri") With respect to the C* x C* scaling action on DH,,, one may
consider the bigraded Frobenius character of DH,,. Let e, denote the n-th elementary symmetric
function and V the nabla operator [BGI8] on the ring of symmetric functions over C(q,t) with
Macdonald polynomials as eigenvectors. The master formula [Hai02] states that the bigraded
Frobenius character of DH,, equals

(1) chg, xcxxc+(DHy) = Ve,

Upon specialization, one deduces that dim(DH,,) = (n + 1)"~! and dim(DHs") = %H(Q:), which
were open conjectures prior to the landing of the more general formula (1).

Haiman’s proof engineers the geometry of the Hilbert scheme of n points in the plane, which
we denote by Hilb™. In particular, he shows the existence of the Procesi bundle, a rank n! vector
bundle over the Hilbert scheme [Hai01] and that the space of global sections of the Procesi bundle

over the punctual Hilbert scheme coincides with DH,,.
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1.2. Simple modules of rational Cherednik algebras. The number (n + 1)"~!, resp. n%q(%?),
is a special case of a family of integers m™ !, resp. min (m;r"), for m positive and coprime to n,
which enumerates various combinatorial objects such as rational parking functions, resp. rational
Dyck paths.

For n > 0, we let b,, denote the (n — 1)-dimensional standard representation of S, and D(h,,) the
ring of differential operators on b,. Introduced in [EG02], the rational Cherednik algebra H.(Sy, by)
is a deformation of D(h,) x S, at a complex parameter c. It turns out that only when ¢ = m/n
for coprime m,n does H¢(Sy, h,) have finite-dimensional representations. In that case, there is a
unique irreducible one [BEGO3], which we denote by L, /,. As shown in loc. cit., the dimension of

Sn s n—1 1 (min
L Lm/n7 is m"™ ", resp. m+n( n )

m/ns

1.3. The elliptic Hall algebra and a rational master formula. The Hall algebra of the
category of coherent sheaves on an elliptic curve has a geometric action on the direct sum of
C* x C*-equivariant K-theory of Hilb™(C?) [FT11, SV13] over all n > 0. For (m,n) as above,
there is a distinguished element @, , in the elliptic Hall algebra. On the other hand, localized at
equivariant parameters, Bridgeland-King-Reid equivalence [BKR01] implies an isomorphism

(2) P EC > (Hilb")0c = A,

n>0

where A denotes the ring of symmetric functions over C(g,t). Therefore, the action of @, on
1 € A results in a symmetric function.

The main result of the paper is the following character formula, which proves [GN15, Conjecture
5.5] of Gorsky and Negut. Recall that there is a grading on L,, /n induced by the Euler element
hy, /m in Hy, /, leading to a decomposition Ly, /, = @ ez Lim/n(£). Moreover, we will define a Hodge
filtration F' on L, /.

Theorem A. (= Theorem 4.6) For positive integer m coprime to n, the bigraded Frobenius character
of grf'L,, /n with respect to the hy, ;, and the filtration gradings (parametrized by q and t respectively)
satisfies

(3) chg, xcexer (87 (Lyn/n) © sg0) = (Qmn - 1) (254,47 '1).

When m = n + 1, gTF(L(n+1)/n) ®sgn = DH,, (cf. [Gor03]) and Qny1,n -1 = Ve,. Hence (3)
generalizes (1). Our proof focuses on computing the left hand side of (3). The result is then matched
with the right hand side studied using shuffle algebra techniques in [Negl4], [Neg22], [BHM-+23]
and many others.

1.4. Cuspidal D-modules and Hodge filtrations. For every integer pair (m,n) as above, there
is a D-module N, s, on the Lie algebra sl,, supported on the nilpotent cone, known as the cuspidal
character D-module in the work of Lusztig [Lus86]. As shown by Calaque, Enriquez and Etingof
[CEE09], the simple module Ly, /,, of type Ay, 1 can be realized as the multiplicity space of (Cr)®m
in N, /,, as a SLy-module. The D-module N,,, /, naturally has the structure of a Hodge module,
according to Saito’s theory [Sai90]. In this way, we define a Hodge filtration on L, /,.

We may take minimal extension of the integrable connection to the Springer resolution, which
is across a simple normal crossing divisor. In particular, the Hodge filtration can be explicitly
described in terms of Deligne’s canonical lattice. Using Laumon’s formula on associated graded
of a direct image of a filtered D-module, we write the Hodge associated graded of N, , as the
pushforward of a DG module, supported on what we call a cuspidal DG commuting variety. This
description allows us to compute the left hand side of (3) with m and n flipped.

Such a computation of the Hodge associated graded of N, ,, closely resembles that of the Harish-
Chandra D-module in [Ginl2], through which the Procesi bundle is realized as the pushforward of
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a DG algebra. In particular, we also obtain a coherent sheaf 7, /, on Hilb", whose image under the
isomorphism (2) is ¢" ' Quminn - 1.

1.5. Vanishing of higher cohomology. In contrast to Haiman’s approach, vanishing of higher
cohomology of F,, /,, is not necessary for proving Theorem A. However, we do establish the following
result using the “quantization commutes with reduction” theorem of Halpern-Leistner [HI.]. Let PV

be the dual of the Procesi bundle and for 0 < j <n —1, let PX”] = Homg, (A7, PV).

Theorem B. (=Theorem 6.4) For 0 <j <n—1, H'(Hib", 7, , ®77th) =0 for alli >0, and
there is a bigraded isomoprhism
HO(Hilb", Fppy ® Pyy) 2 Homg,, (A b, g1 Ly ).
Beyond A’B, we conjecture the following:

Conjecture 1.1. Fori >0, H'(Hilb", F,,,/, ® P¥) = 0, and there is a bigraded C[b2] x S,,-module
isomorphism

HO(Hilb", Fpppy @ PY) 2 grf'Lyy

When m > 0, the vanishing of H>°(Hilb", F,, /n® PV) is automatic. Under this assumption,
we prove Conjecture 1.1 as Theorem 7.5 by showing the socle of grf'L,, /n @S A C[h?]-module is
grfel,, /n-

1.6. Applications of Theorem A.

1.6.1. Khovanov-Rozansky homology of torus knots. To a braid « one associates its Rouquier complex
of Soergel bimodules. Applying Hochschild homology termwise and then taking cohomology gives a
triply graded vector space, with gradings arising from the Hochschild cohomological degree, internal
degree and homological degree. After reduction and grading shifts depending on the braid, this
defines the reduced Khovanov-Rozansky homology HHH (%) of the braid closure. We use the grading
conventions of [GORSI14, Section 1.5, with the reduced unknot concentrated in degree (0,0, 0).

For torus knot T}, ,,, Gorsky, Oblomkov, Rasmussen and Shende proposed the following conjecture
and proved a bigraded version without the filtration.

Conjecture 1.2. ([GORS14, Conjecture 1.2]) For positive coprime integers m,n, set g = (m —
1)(n —1)/2. There exists a filtration on Ly, ;, compatible with the filtration on Hy, /,(Sn, bn) and the
by, /n-grading such that, for 0 <i <n—1 and j,{ € Z, there exists an isomorphism of vector spaces

HHH0 2020 5979(T,,, ) & Homs,, (A'D, 81] Lin/n (7)) -

Elias-Hogancamp and Mellit [EH19, Mel22] relate HHH(T,, ,,) with the multiplicity of A®h on
the right hand side of (3). Thus, as a corollary of Theorem A, we have:

Theorem C. (= Theorem 4.8) Conjecture 1.2 holds with respect to the re-indexed Hodge filtration.

Moreover, Theorem B provides a coherent sheaf realization of HHH(T;;, ,,). It would be interesting
to compare our sheaf with the complex of coherent sheaves on Hilb" constructed in [OR18] using
matrix factorization.

1.6.2. Filtrations and compactified Jacobians. In [GORS14], the filtration in Conjecture 1.2 admits
several constructions. The coincidence of the inductive and algebraic filtrations has been shown in
[Ma26]. Here we show the Hodge filtration coincides with the a-filtration (cousin of the algebraic
filtration). As a corollary, using the shuffle theorem, we prove the main conjecture in [OY17] of
Oblomkov and Yun as Theorem 7.9, relating associated graded of cohomology of the compactified
Jacobian of the plane curve y™ = z™ with respect to the perverse filtration and associated graded of
L;?1 "/n with respect to the a-filtration.
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2. CHEREDNIK ALGEBRAS AND MIRABOLIC D-MODULES

We work over C throughout. Fix an integer n > 2. Let G denote GL,, with Lie algebra g := g,
and G denote SL,, with Lie algebra g = sl;,. Let T' be the maximal torus in G’ with Lie algebra
h C g consisting of diagonal matrices. Take T =T NG and h =hHhNg.

2.1. Rational Cherednik algebras. For any ¢ € C, the rational Cherednik algebra H, := H.(S,,, h)
is the C-algebra generated by b, b* and S,, subject to the following relations:

(2,2 = [y,4/] =0, waw™" =w(z), wyw ' =w(y)
o] = a(y) = 3 el pal, a)s
sES

where z, 2’ € b*, y,y/ € h, w € S, and (—,—) is the natural pairing between h and h*. Here
S C S, is the set of reflections, oy and o) are the root and coroot associated with s, normalized by
(as, ) = 2.

For an irreducible S,,-representation p, we regard it as a S(h) x S,-representation by letting the
augmentation ideal S(h)4 act trivially and define the Verma module M.(1) = He ® 545, #- The
Verma module M, (¢) has a unique nonzero irreducible quotient Le(u).

2.2. Simple modules.

Theorem 2.1. ([BEGO3, Theorem 1.2]) When ¢ = > 0 for m coprime to n, the unique irreducible
finite-dimensional representation of H. is L. := L¢(triv). Moreover, for n > 2 the algebra H. has
finite-dimensional representations only when ¢ =" for a nonzero integer m coprime to n.

Let O(H.) denote category O for rational Cherednik algebras, which is a full subcategory of
H.—mod whose objects are finitely generated over H, and such that the augmentation ideal S(h)
acts locally nilpotently [GGORO03]. As u runs over irreducible S,-representations, the modules L.(u)
give a complete list of irreducible objects in O(H,).

Let e := % Y we s, W be the symmetrizing idempotent in Hc. The spherical Cherednik algebra is
A, :=eH.e. By [BE09, Corollary 4.2], for all ¢ satisfying

cgé{%e (—1,0)|a,b € Z,2 < b < n}

there is a Morita equivalence H.—mod — A.—mod, M — eM. Let O(A.) denote the category O of
the spherical Cherednik algebra.
For any smooth algebraic variety X, we denote the sheaf of differential operators on X by Dx
and write D(X) := I'(X,Dx). Let R™ be the set of positive roots, put § = [],p+ @, and let
4
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b, = {d # 0} C h. The polynomial representation gives the Dunkl embedding

Hy < D(b,) % Sy y s Dya =8y —ay sy) g _ g,

Qs
ses
After localization, (Hy)s = D(b,) % S For each a € C, let ¢, be the automorphism of this localized
algebra characterized by ¢ (z) = x, ¢a(Dy,q) = Dy —a, do(w) = sign(w)w. By [GGS09, Lemma 5.6
and Proposition 5.8],
(4) ¢c+1 (Ac) = 5_1A7c716-

Thus u +— 6¢C+1(u)5_1 identifies A. with A_._;. We denote the induced equivalence by
Q. : Ac—mod = A_._;—mod, Qc_l =Q0_._1.

2.3. Mirabolic D-modules. Let V' = C" on which G acts by left multiplication and put & =gxV.
Let 7: g — D(®) denote the embedding induced by differentiating the diagonal action of G on &.
For any f € O(®), an element g € G acts by

(5) (9- @)= flg™" ).
In particular, writing Ey = > | v;0,, for the Euler vector field on V, we have 7(1) = —Ey.
For a constant d € C, define the shifted embedding 7; by

(6) 174:9 = D(B), z—71(r)—d-tr(x).

Thus 74(1) = —Ey — nd. In Section 2.5.3 we will take d = —c.

Recall that every coherent Dy-module M admits a good filtration in the sense that the associated
sheaf gr(M) on T*X is coherent. The support SS(M) of gr(M) in T*X is called the singular
support of M, which is independent of the choice of a good filtration.

Identify g = g* via the trace form. Let .4/ C g denote the nilpotent cone. Inside T#® =
gxgxV xV* we have a Lagrangian subvariety ) := {(X,Y,4,7) € gx A XV xV*|[X,Y]+ij = 0}1eq-
The subscript ,.q denotes the reduced structure here and below.

Definition 2.1. ([FG10, GGO6]) A finitely generated Dg-module M of regular singularities is called
mirabolic if SS(M) C V.

Let € (®) denote the category of mirabolic D-modules.

2.4. Quantum Hamiltonian reduction. Fix a nonzero element vol € A" V*. Following [BFGO6,
(5.3.2)], consider the regular function on & defined by:
(7) s(x,v) = (vol,u Azv A - Az o).

Take Beye := {(z,v) € &|s(x,v) # 0}, the locus where v is a cyclic vector for z, i.e. Clz]v = V.
By [BFGO6, Lemma 5.3.3], the composition of the projection &, — g and the Chevalley map
g — 9//G = 14/S, is a principal G-bundle and the diagonal G-action on Gy, is free along the fibers.
Therefore we have an algebra isomorphism

L (C[(’ﬁcyc]

|I2

Clb]™.
)s

Our convention (5) gives g - s = det(g)~!s, hence 7(x)s = —tr(z)s. Consequently the multivalued
section s~¢ is annihilated by 74(g).
By [BG15, Proposition 2.1.2 and Remark 2.8.3], any mirabolic D-module is locally finite as a

7(g)-module. In particular, its global sections decompose as I'(M) = @, zec/z I'(M)a+z, where

T'(M)arz = @P{v e T(M) | (r(1) — a — k)Vv = 0 for N > 0}.
kEZ
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Given d € C, let €4(®) be the full subcategory of € (&) consisting of modules M on which 7(1)
acts semisimply and such that

(M) =T(M)pgtz.
Theorem 2.2. ([GGO6, Theorem 7.4.3], [GGS09, Theorem 8.1]) The radial part map

D(®)% = D(b/Sa), urs |Cb/S] 5 f 1 (s (g#%f)))}
mduces an isomorphism
Ay (D(®)/D(®)7a(@) = Ag-r.
Thus there is a quantum Hamiltonian reduction functor
Hy: 6a(8) = O(Ag—1), M — T(&,M)™®,
which is exact and the kernel is a Serre subcategory such that €4(®)/Ker(Hy) = O(Ag—1).

Remark 2.1. The shift by “—1” in the subscript of Aj_1 is consistent with the classical result of
Harish-Chandra: For u € D(g)¢, define Rad(u) to be the unique S,-invariant differential operator
on the regular semisimple locus b, such that Rad(u)(f[s,.) = (uf)[y,. for every f € C[g]®. Then the
map

D(g)" = D(h/Sn), u |C[h/S,] > f — dRad(u) (5" f)

induces an isomorphism (D(g)/D(g)ad(g))” = D(h)".
2.5. Cuspidal D-modules.

2.5.1. Functors on D-modules. Let f: X — Y be a morphism of smooth algebraic varieties. We
write fi, fi, fT to denote direct image, direct image with proper support and inverse image functors
of holonomic D-modules respectively, all valued in bounded derived categories of holonomic D-
modules [HTTO8, Section 1.5]. In particular, let Dx_,y and Dy, x be the transfer D-modules
as defined in [HTTO8, 1.3]. We then have f; := Rf.(Dy.x®p, —), fi = Dy o f; o Dx and
fT =Dxy ®‘];_1Dy f_l(_)‘

When f is a locally closed embedding, one defines the minimal extension functor fi, by fi.M :=
im(HO(fiM) — HO(f;M)) in the abelian category of holonomic D-modules. For a locally closed

subset U 5 X , an integrable connection on U (i.e. an Op-coherent Dy-module) is called clean if
its minimal extension coincides with the extensions using i; and 1.

2.5.2. Integrable connections. The zero fiber of the fibration .y — h/S,, is
U:={(z,v) € &/ x V]|s(z,v) # 0}.

The diagonal G-action on U is transitive and free, and 71 (U) = Z. Since g - s = det(g)~'s, every
rank-one regular integrable connection on U with finite monodromy is generated by s® for some
a € Q. We denote the corresponding integrable connection by &,.

Let A7 C .4 denote the regular nilpotent orbit. Since m1(G) = 1, the fibration

Stabg(x) = G — ;.
induced by the action of G at a regular nilpotent x gives
1 (A7) = mo(Stabg (x)) = mo(Z(G)) = Z/n.

For b € %Z, define the rank-one integrable connection &, on .4, whose monodromy is e?™®. Both

£, and &, are G-equivariant.
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The projection U — .4 has image inside .4, and the fibers of this projection are isomorphic to
§ := C" ! x C*. The fibration
§—U—=M
induces an exact sequence

n

1= (Z=m(F)) = (Z=m(U)) = (m(AM) =Z/nZ) — 1.
Thus, for a € %Z, the connection &, is the pullback of &,.

2.5.3. Cuspidal D-modules. Let ¢ = 7 for a positive integer m coprime to n. Following [FG10,
Theorem 5.5] and [Lus86], we consider

Definition 2.2. e The cuspidal character Dg-module N, is the minimal extension of &. to g.
e The cuspidal mirabolic Dg-module N, of parameter ¢ is the minimal extension of &£, to &.

Lemma 2.3. As G-equivariant Dg-modules, N, = N, X Oy. Moreover,
(8) SS(NC) = Q:nil X ‘/a fO’I" Q:nil = {(x,y) €N x </V|[{E,y] = O}red-

Proof. Along each fiber of U — .47, the function s restricts to the nth power of a coordinate along V.
Since nc = m € 7Z, the connection &, has trivial monodromy along the fiber. Its minimal extension
to Ay x V is therefore £, X Oy . Taking minimal extension to &, we obtain the first statement.
By [Lus87, Theorem 5(b)], the Fourier transform of a cuspidal module has nilpotent support.
Since N, is G-equivariant and has nilpotent singular support, we have SS(N.) C €,;. By [Bar01],
€y is irreducible of dimension dim g. Since N, is nonzero, the inclusion SS(N,.) C €,; has to be
an equality. O

2.6. Calaque-Enriquez-Etingof construction. Write NV, := I'(g, N.). Below we write Hg), AEZ"),

and Lﬁf) for the type A,_1 objects, V,, = C™ and write e(") for the symmetrizing idempotent of S,
when objects of different ranks appear at once.

Theorem 2.4 ([CEE09, Theorem 68]). There is a functor from D(sly,)-modules to Hi?gl-modules
that sends M to (M ® (V;5)®™)Sn such that

9) (Nppym @ (V) 2™)G 22 L0

In particular, the symmetric group Sy, acts by permuting the tensor factors.
As a result, applying H_,, /,, to N,, /n> We obtain
(10) H /0 (Nonjn) = (N @ Sym™ (V)% 2= ML)

n/m
(n)
—m/n
sends a simple object to a simple object or zero. Applying Q. ! and using the uniqueness of the
finite-dimensional simple module for ¢ = m/n > 0 gives

Q7 o H_o(N,) 22 ™ML,

More generally, let b, be the reflection representation of S,,. For 0 < i < m, Schur-Weyl duality
and the Koszul differential give

(11) Homg, (/\ibm, (V;)@)m) = ker(Symm_i(VJ) ® /\i(Vn*) — Symm_iH(V;) ® /\i_l(V*)).

n

as vector spaces. The left side carries an A _,-action. By Theorem 2.2, Hamiltonian reduction

Consequently, we have an exact sequence
(12)

0 = Homs,, (N, L7 ) = (Nypjn ® Sym™ (V) @ N (V)5 = (N @ Sym™ (V) @ A1 (V)5
7



3. HODGE FILTRATIONS ON CUSPIDAL D-MODULES

3.1. Hodge modules. In Saito’s theory [Sai88, Sai90], a polarizable Hodge module on a smooth
algebraic variety X consists of a regular holonomic Dx-module M, a good filtration FeM compatible
with the order filtration on Dx called the Hodge filtration and a polarization, satisfying certain
compatibilities. We use the complex version in the sense of Sabbah and Schnell [SS24], in which the
Q-structure is omitted.

Let Z C X be an irreducible closed subvariety. A polarizable pure Hodge module on X with strict
support Z restricts, over a suitable smooth dense open subset U C Z, to a polarizable variation
of Hodge structure (VHS). Conversely, Saito’s structure theorem asserts that such a VHS extends
uniquely to a polarizable pure Hodge module on X with strict support Z. Here and below, “strict
support Z” means that the Hodge module has no nonzero subobject or quotient supported on a
proper closed subset of Z.

The integrable connection &£, on .4; has finite monodromy and hence admits a flat positive definite
Hermitian metric. We can therefore equip it with a polarizable complex VHS structure of type (0, 0)
such that the Hodge filtration is

e {o, k<0,

., k>0

A uniform shift of the filtration would amount to a Tate twist. Saito’s structure theorem uniquely
determines the Hodge module structures on the minimal extensions N, of weight dim .4".

Our goal is to compute the associated graded of N, with respect to the Hodge filtration. Fix a
Borel subgroup B C G whose Lie algebra b C g consists of upper triangular matrices. We will first
describe explicitly the filtration of the restriction to b. All the statements in this section can be
made analogously for N, upon taking MOy .

3.2. Deligne’s canonical lattice.

Theorem 3.1 ([Del70], [HTT08, Theorem 5.2.17]). Let D C X be a simple normal crossing divisor,
let j: U := X\ D < X be the open embedding, and let € be a regular integrable connection on U
with quasi-unipotent local monodromy. There is a unique locally free Ox-submodule £>~' C j,.E
extending &, called Deligne’s canonical lattice, with the following properties:

(1) The connection preserves the lattice logarithmically: V(£>71) C Qk (log D) ® £~ 1.
(2) The eigenvalues of the residue along every irreducible component of D lie in (—1,0].

For rank one case, if the lattice is locally generated by a function f such that z;0,, f = «; f, then
the connection can be expressed as d + ) . o; dz;/z; and the residue is «;.

Keep the setting of Theorem 3.1, and suppose in addition that £ underlies a polarizable VHS with
Hodge filtration Fo&. The unique polarizable pure Hodge module with strict support X extending
this VHS has underlying D-module ji.€ = Dx - €71 C j.£. By [Sai90, 3.b] (see also [Pop18]), the
canonical lattice is filtered by locally free Ox-submodules such that F,E>~! = €271 N j, FL€, and
the Hodge filtration on the minimal extension is F(ji.&) =), FiDx - F._,&> 1.

3.3. Hodge filtrations restricted to b. Set n = [b,b] and n, = nN 4. We use coordinates on
n x V of the form

0 =z =« * * * U1
0 0 X9

(13) cer Tp_9
o o0 o0 .- 0 Tp—1 :
o o0 o0 .- 0 0 Up,

The complement D :=n\ n, is the simple normal crossing divisor defined by zixs---x,—1 = 0.
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Recall the Dy-module &, from Section 2.5.2. The restriction of s¢ from (7) to n x V is
r§ae .. -xf{fll)cug? Set Up := UN(nx V). Then as a cyclic Dy,-module with generator s¢|¢,, €|,
can be identified as

gc‘Uo - B

n—1

ZDUO (:I:Zaxl - ) + DUO (vn Un Z Danxm + ZDUO vj

7j>i+1 j<n

Similarly,
D,

Z?:_f Dy, (20, — ic) + Ej>i+1 Dy, 0x, ‘

© >
o= {8 k20
0, k<O

Write ig : n, < n and set LY := (ip)1.ES. For 1 < i < n — 1, the number ic = im/n is not an
integer by the coprime assumption. Thus the local monodromy of £ around every component
x; = 0 is nontrivial, and the extension is clean: L = (ip)+&;.

Put sg := H?;ll z¢ and

o
gC = 50’“7' =

with

[s6] —xgd 2 L(nl bel,

With respect to the generator [s§]71s§ of £2, the connection is

Consequently, the lattice O,[s§]71s§ is preserved logarithmically by the connection. Its residue
along x; = 0 is ic — [ic] € (—1,0). So it is Deligne’s canonical lattice with filtration

Fk(50)>71 _ On [58}‘158, k>0,
0, k <Q.
It follows that

F.D,) - [s€]71s¢. k>
1) FkLZZZFiDn‘Fk_iwg)M:{( kDu) - [s6]71s6, k>0,

0, k <O.

Let in : n < g be the closed embedding, and put Dy := i3 Dg®0,wy/q- Set 1 := codimgn = dim b.
For the direct image of left D-modules, the filtration on the transfer module is:

FiDye = iy Fj—+ Dy ®0, Wn/q-
The direct image of (L, Fy) has underlying Dg-module
L. := (in){Lg = ins (Dgen ®@p, Lg) .
with Hodge filtration

(15) FyLe =im [ (in)s [ > FiDgen ® Fr_jLg | — (in)sLg
J
Equivalently, taking a trivialization of w,/; and normal coordinates t1,...,t¢,, we have FyL. =

> venr Frr—ju Lo ® 0.
9



3.4. Associated graded of L.. Recall the standard sl-triple in g:

o1 .- 00 0 0 0 0
n—1 0 0 0
(16) e=]0 0 Lof, f=| 0 2n-2) 0 0|, h=lefl
00 0 1 B e B
0 0 00 0 0 -+ n—1 0
Define the Hessenberg space m := B - ( f + stabg(e)); equivalently, m is the sum of b and the negative

simple-root spaces.

Remark 3.1. The affine space f + stabg(e) is the Kostant slice. The Whittaker reduction of G x” m
is the relative compactification of the universal centralizer for G/Z(G) [Bal23].

Using the coordinates (13) and

* % * % %
Y1k * *

(17) 0 o * * * 7
0 O UYn—2 * *
0 0 0 Yn—

define

(18) 2)0::{(x,y)€n><m‘xiyizoforlgign—l}.

Let 1g), : Yo — T™g denote the resulting closed embedding.
Let O(b_)+ and S([n,n])+ denote the augmentation ideals. There is an identification

D(g)

n—1
D(g) - O(b-)4 + Y D(a)(wids; — ic) + D(g) - S([n,n])+
=1

F(Q) LC) =

Taking associated graded with respect to (14) and (15) gives gr(L.) = (ig,)«Oy),- It remains to
identify the equivariant structure. Similar to (6), define

7 .:9— D(g), x> 7' (x) + ctr(x).
Let B C G be the upper-triangular Borel subgroup. Although L. is only B-equivariant, its associated

graded carries a natural B-equivariant structure:

Lemma-Construction 3.1. The b-action on gr(L.) induced by 7’ integrates to a B-action whose
restriction to B agrees with the original B-equivariant structure.

Proof. Let u be the cyclic generator corresponding to sg and a constant trivialization of w,/q. Under
7/, u is annihilated by n and has integral weight A = (0,...,0,m) — 2p. Equip D(g) ® C, with the
B-action given by conjugation and the character \. The surjection
D(g) ® Cy = I'(g,Le), P®1+> Pu,
is b-equivariant. Since B is connected, its kernel is B-stable, so the action descends to L.
The generator [s§] !u is a B-semi-invariant, and (14) and (15) give
Fy L. = (Fy_Dg)[s§] u.

Since conjugation preserves the order filtration, the action preserves F,L. and descends to the
associated graded. Its restriction to B agrees with the original action because their differentials

agree and B is connected. (|
10



Define the weight
(] = (Tel, [2¢] = [e],..., [nc] = [(n = 1)c]),

Give Oy, the natural B-equivariant structure. For a character A of T', let Cy denote the corresponding
1-dimensional representation of B. Let p be the half sum of positive roots. Since w, /g = det(g/n)
and g/n = b @n~ as T-modules, the character of wy /4 is det(n™) = —2p.

For a C*-equivariant sheaf F, or equivalently a grading F = @gezFk, let F(£) denote the shift
such that

(19) (F{)k = Fr—s-

Lemma 3.2. With the equivariant structure of Lemma-Construction 5.1 and Hodge filtration, there
18 a B x C*-equivariant isomorphism

gNI”(LC) = (iino)*o@o X Cfuc1—20<dim b>.

where the C*-equivariance comes from filtration grading.

Proof. We have already identified gr(L.) with (ig),)«Oy), after forgetting equivariance. Moreover,
the lowest degree is gr, (Lc) = wy/q ® [s§]7s§. Under the action in (5), B-acts on [s§]~! through
the quotient B — T by the character

(Tel, [2¢] = fel,-.., [(n = De] = [(n = 2)e], = [(n = 1)e]).

On the other hand, the shifted action 7’ contributes the character (0,...,0,m). The sum of these
two characters is [u.|. Finally, w, /g contributes the character —2p and the grading shift (dim b). [

3.5. Functors on equivariant Hodge modules. We recall some facts about equivariant Hodge
modules that will be used to express gr(N.) in terms of gr(L.). Let HM%(X) denote the abelian
category of G-equivariant Hodge modules on X. Associated graded in this section is taken with
respect to Hodge filtrations.

Let X and Y be two smooth varieties with actions of an affine group G. Let f : X — Y be a
G-equivariant morphism. We have the cotangent correspondence

(20) T*X <2 X xy T'Y =L Y
where py is induced by the differential of f and w; is the natural projection, both G-equivariant.

3.5.1. Smooth inverse image.

Lemma 3.3 ([Sch, Theorem 30.1]). Suppose f: X — Y is smooth. For every M € HMC(Y'), there
is an isomorphism of G-equivariant coherent sheaves on T*X

gr(f1M) = (py)soojer(M).

3.5.2. Direct image. Suppose f is projective and take M € HMG(X). Saito’s direct image theorem
[Sai90, Theorem 2.14] implies that the filtered direct image f;M is strict and that R’ f;M is a Hodge
module on Y for every i. The equivariant structures on these direct images are supplied by [Ach,
Theorem 8.5].

Theorem 3.4. ([PS13, Theorem 2.4], [Lau83, Section 2.3.2]) Suppose f is projective. For every
M e HMG(X), there is a isomorphism of G-equivariant coherent sheaves on T*Y

gr(R' [;M) = R'(wy). (Ox/v © Lpjet(M)) .

Note that the C*-grading of wy,y is dim(Y’) — dim(X).
11



3.5.3. Induction. Let H C G be a closed subgroup and X a smooth H-variety. Let H act freely on
G x X by h-(g,z) = (gh~ !, hx), and write G x¥ X for the quotient. Consider the natural maps

XX oxx Laxtx.

Equivariant descent gives the induction equivalence Ind% : HM(X) = HMY(G x* X) [Ach,
Section 6], characterized by the isomorphism

(21) 7 nd§L = prl L

in HM®H (@ x X).

Let pyr : T*X — Lie(H)* be the moment map, with scheme-theoretic zero fiber u;'(0). Strong
equivariance implies that the infinitesimal action preserves the Hodge filtration, gr(L) is supported
on f1;(0) scheme-theoretically.

Let ¢ : G x ;' (0) < G x T*X be the natural inclusion. For (z,&) € T*X such that pup(z, &) =0,
the covector (dpr X)’("g’m)f annihilates the tangent space to the H-orbit through (g, ), hence lies
in the image of p,. Since p;, is a closed embedding identifying its source with the annihilator of
ker(dr), the composite pp,, o ¢ factors through a closed embedding

5:G x pg(0) = (G x X) xaynx THG xH X),
satisfying ppr, 0t = pro3. Let s: G xf ;1(0) — T*(G x* X)) be the descent of 5 modulo H.
Writing r : G X u;ll (0) — ,u;ll (0) for projection, define coherent-sheaf induction by the equivariant
descent identity ¢*ind%.7 = r*.%.
Proposition 3.5. For L € HM(X), there is an isomorphism
gr(Ind% L) = s,ind%gr(L)
in Coh®*C(T*(G x" X)). Consequently, SS(Ind% L) C s(G x™ ;1 (0)).
Proof. Put M = Ind% L and regard # = gr(L) as a sheaf on p5;'(0). Lemma 3.3 and (21) give
(22) (0 )G (M) 22 (pp )y, GE(L).
Here the last associated graded is viewed on T* X . Flat pullback along o, . identifies the right-hand
side with
(Ppry 0 L)sT"F = (Pr)+5+q"IndG.7 .
Since pr is a closed embedding, its pushforward is fully faithful. Cancelling it and applying flat
base change gives
wigrt(M) = 5,¢"ind%.7 = @’ (s,ind%.%).
These natural isomorphisms are G x H x C*-equivariant, so descent along the principal H-bundle

w, proves the claim. ]

3.6. Springer cuspidal D-modules. Let B denote the flag variety. Since every regular nilpotent
element x is contained in a unique Borel subalgebra, there are locally closed embeddings of .4 into
B x g = G xP g such that the following diagram commutes:

Mg

N
GxByg

Recall the integrable connection &, from Section 2.5.2. Define M, := (i).&.. By cleanness of &., we

have M, = (7)Jr56. Functoriality of direct image and cleanness give p;IM. = N..
12



Lemma 3.6. As G-equivariant Hodge modules, Indch = M..

Proof. Consider the following commutative diagram, whose left and middle squares are Cartesian:

Po ™0
N, <~—Gxn —>GxPn —— 1

o

QTGXQT)GXBQT)Q

On the regular orbit, equivariant descent gives WSEC = p(T)Eg. Using smooth base change, we obtain
7™M, = 7t (i):€, = (i)l
= (i )iph€e = prh(ios €S = prf Le. 0

Recall that SS(L.) = Q). Using the coordinates from (13) and (17), if z € n and y € m, then
[x,y] € b, and its diagonal entries are

1Yy, X292 —T1Y1, ..., Tn—-1Yn—1 — Tn—2Yn—2, —Tn—-1Yn-—1-

It follows that [x,y| € n is equivalent to x;y; = 0 for 1 < i < n — 1. Consequently, there is a closed
embedding

@O‘ﬁgx“xﬂa (ZL‘,y)H(.’E, [m’y]ay)
Set Q) := G xB 9. It fits into the following Cartesian diagram,
(23) Do gXxXnxg

| i

G xP Py ——=G xB (gxnxg)—"=TG xPg).

Let iy : Y — T*(G x B g) be the resulting closed embedding.

For a weight A, let £y := Indg(C)\ = G xB C, be the corresponding G-equivariant line bundle
on B, and let £, be its pullback to T*(G xB g). With this convention, we have wp = La,. Give
(i)« Oy its natural G-equivariant structure.

Using the shifted embedding 7’ ., we integrate the g-action on gr(M.), as in Lemma-Construction
3.1.

Corollary 3.7. With respect to the Hodge filtration, there is a G x C*-equivariant isomorphism:
(24) g}(MC) = Z[uc]f2p ® (Z@)*OQ) ® C<d1m b>,

Proof. Proposition 3.5 and Lemma 3.6 give

(25) gr(M,) = indfgr(Le).

By Lemma 3.2, the restriction of the right hand side of (25) to the fiber over the standard Borel
is (ig,)«O0p, @ Cpyq—2p ® C(dim b). Descent therefore identifies the right hand side of (25) with
E“M_gp ® (ig)«Oy ® C(dim b) as a G x C*-equivariant sheaf.

It remains to check the extension from G- to G-equivariance. By construction, the g-action on
gt (M.) is obtained from 7’ . Its restriction to the fiber over the standard Borel is precisely the
B-action on gr''(L,) used in Lemma 3.2. Hence the isomorphism (25) intertwines the center action

as well, and is therefore G-equivariant. [l
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3.7. Cuspidal DG modules. We now mimic [Gin12, Section 4] to compute gr'' (N,.).
Put Xy m =G xB (n x m), and define
Qb:%n,m%GxB b? (971.73/)’_}(97 [‘Tay])

Recall the definition of ) from (18). Since the monomials x1y,...,Tp—1yp—1 form a regular
sequence, we have

VD = Xom Xy n, (G xP1).
On B, let b and n denote the vector bundles associated with the B-modules b and n. Their total
spaces are G xP b and G xB n. Let
tp: B G xBo, B GxBn
be their zero sections, and let 7 and 7, be the projections to 5. Then there is a quasi-isomorphism
(26) (tn)+Op > (AN*mint, Oh)

where the differential is contraction with the tautological section. We place the structure sheaf in
cohomological degree zero and AF in degree —k.
Let ¢y : 9 — G xZ n be the restriction of g,. Pull (26) back to ) and define .7 := Lq;(1,)+Op

and
(27) A = Lq;(16)+OB ~ (/\'W;nymbi*, q;&,) )

At a point (g,2,y) € Xy m, the differential in (27) is contraction with [z, y] € b; thus

k
w1 A Awog) = (1) gl yJor A AT A=+ A
i=1
Both & and A are DG algebras, with multiplication induced by the wedge product.
In all, the aforementioned spaces can be combined into Figure (1) with all 4 squares being derived

Cartesian.
> B
/
g

Specy (/)

m/ =

» G xBn TBXT

B xT*g

/

T*(G x5 g)

FiGure 1.

Below, mx denotes the projection of a variety X occurring above to B.
Definition 3.2. The cuspidal DG module of slope c is
(28) Aci= A7y, Lru,
Similarly, put <7, := &/ ® W%Emc].



Projection formula plus base change implies that

(29) Rj . ~ A..

3.8. Associated graded of N.. Recall our notations for the cotangent correspondence (20) in the
caseof p: G xPg—g

T*(G xB g) L2 B x T g 25 Tg.

(30) 2 DTG <P g) <2 B x T*g
\\ lﬁ /
T*g.

In diagram (30), take pg) to be the restriction of
a:Xnm > Tg~gxg,  (9,7,y) > (97,99),

to ) and the other arrows to be natural projections and closed embeddings.

In particular, pyy = poig =aoj.

Endow A with the natural G x C*-equivariance as a derived subscheme of Xq,m with C* acting in
the m-direction. Recall the grading shift (19).

Theorem 3.8. With respect to Hodge filtrations, there is a G x C*-equivariant isomorphism
(31) gr(Ne) = Ra,Ac(n — 1),

In particular, RasA. is concentrated in cohomological degree zero.

Proof. Since ptM,. = N, Theorem 3.4 supplies a G-equivariant isomorphism

(32) Gi(N,) = R(wy). (LpLEi(ML) @ T gios) -

This isomorphism is G-equivariant as we use Lemma-Construction 3.1 for both sides. Moreover, the

relative canonical bundle carries C*-grading — dim B, as specified in Theorem 3.4. Corollary 3.7

contributes a grading shift of dim b. Hence the overall grading shift is dimb — dimB =n — 1.
Now substituting Corollary 3.7 into (32) gives

(33) Gi(N) = R(wp). (Lo} (L2 @ (i9):0p) @ Tsegos ) n = 1),

If X is smooth and iy : Y — X, iy : Z — X are closed embeddings, then projection formula
gives

(34) (iy)«Liy (i2)«O0z = (iy ). Oy ®§,, (i2)+0z = (iz)Liy(iy).Oy.

Apply (34) to the case when X = T*(G xP g) with Y = Bx T*g and Z = 9). Using the projection
formula and the cancellation £_5, ® wp = Op, the right hand side of (33), forgetting the grading
shift, becomes

R R(pp)s (L0} (£fue1-20 © (i)sOp) @ T g
=Rp. (Zw ® (i)« Oy @F (Pp)*OBxT*g>
= Rp. R (i) Lty (£7,1 © (9p)eOpx1g)

(35) =R (py)aLity (£fue) © (0p)+Oxg) -

15



Tracing through diagram 1 above and using the projection formula give
LZ;) (E[ucl ® (Pp)*onT*g) = .

Thus (35) equals R(py)«e. Finally, pg) = a o j and (29) yield
R(py)«#, = Ra.Rj. o, = Ra,A.. O

4. ELLIPTIC HALL ALGEBRAS AND BIGRADED CHARACTERS
4.1. Bigradings. Put A = (C*)2. On g x g we have the A-action
(36) (u7 U) : ($, y) = (u_lxa U_ly)

so that the coordinates on the first and second factors have A-weights ¢ and t, respectively.

We renormalize the Hodge filtration by FJQN F}in 1Ne and grON, := grl’ ONc. Theorem 3.8

identifies gr® N, with RI'(A.) with the Cj-equivariance. Further, the filtration F° on N, induces
FOL = (FON,, @ (V&™)

n/m "

As for the Cj-equivariance, let x; be an orthonormal basis of g and in D(g) consider

dim
Hy = ijaxj + 5 g‘
J

First of all, ) ;%0 is the differential of the dilation action C* x g — g, (t,z) — t~1x, under which
the integrable connection &, is twisted equivariant. This action hence preserves the corresponding
weight-0 VHS and hence the Hodge filtration on its minimal extension. Therefore Hj acts on gr'N.,..
Each G-multiplicity space of IV, is a finite-dimensional slp-module with Hy as the semisimple element
by [CEE09, Example 63]. Thus Hy defines a C*-action on gr(N,) corresponding to the infinitesimal
action of the one-parameter subgroup {(u,u~!),u € C*} C A up to a shift.

On the other hand, inside H( /) take

m—1
1
=3 E (TaYa + Yaa).
a=1

Then by [CEE09], the isomorphism (9) intertwines the action of Hy and that of h,, /p,.

4.2. Polynomial characters. For every dominant weight 1 = (p1,. .., tn), let S,V denote the
irreducible rational representation of GL,, labeled by p. Here we extend the Schur functor notation
by determinant twists. In particular, S,V is a polynomial representation precisely when p, > 0.

Let x, € Clzf, ..., 25]% be the character of S, V. Set
(Z awm) =D sy
1 pol n=>0

where s, denotes the Schur function labeled by u.
For a finite-dimensional A-module E = @ B j, put

cha(E) = Zq’tﬂ dim E; ;.
4,3
For an A x Sp,-module K, its bigraded Frobenius characteristic is
chg,, xa(K) = Z chyHomg,, (Vi, K) s,

AFm
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where V), is the Specht module indexed by A.

Lemma 4.1. With respect to the h,, p,, resp. Hg, and filtration gradings,

m))f

ChSmXA(groLn/m - (ChAxégron/n)

pol

Proof. Recall that V := C™ is the standard representation of GL,,. By Theorem 2.4, LM

n/m
(Nm/n ® (V*)®m)SL". With respect to Lemma-Construction 3.1, the center of GL,, acts on N, /,, by
the character z +— 2™. Thus setting £, = Homg, (S.V, Ny, /), we have

Nm/n = @ Eu ® S;LV7

p1Z2fin
M1t pn=m

both as GL,-modules and SL,,-modules.
Moreover, Schur-Weyl duality gives

(Ve = P (V)" @V,

A-m
L(A)<n

as GL,, x S;,-modules. Therefore,

Ly, = (N ® (V)E™Sn = @ B, 0V,

n/m
MIZ“'ZMn
puEm
Taking chg, x4 of left and right hand sides, we obtain the lemma. (|

4.3. Character of cuspidal DG modules. For f € C(q,t)(z1,...,2), define
Sym,(f) = D w(f).

wWESy
For an integer sequence b = (b1, ...,by,), write 2° := len <o zbn. Set
1 —qtx

37) s g g

Proposition 4.2. Put

1—qt\"* zlpel
¢=(724) s | e (/)
1-¢ TS (1= tzi/zi1) E ’

With respect to Hy and filtration gradings, there ewists some integer a such that
ChAxé(grONc) =q¢"Ce(z,q, qilt).
Proof. Write ch := ch , & for simplification. By Theorem 3.8, it suffices to compute chRI'(A.). The
fiber over the fixed Borel b is the Koszul complex
(38) K? :=C,q ® Sym(n* @ m*) @ A®b".

Since n is strictly upper triangular, the weights of its dual are z;/z;, for i < j. The Hessenberg
space m is the sum of b and the negative simple-root spaces. Thus the A x T weights of the three
factors are, respectively,

* s qzi/z (i <J),
tm*: ¢t (n—1copies), tzj/z (i<j), tzi/zis1 (1 <n),
qtb* 1 gt (n—1 copies), qtzj/z (1 <j).
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For a representation F with weights wy, ..., ws, the character of Sym(E) is [],(1 — w,)~}!, and the
alternating character of A°E is [[,(1 — wg). Therefore the character of (38) is

( 1—qt) el [, (1 gtz/%)
[T

(39) -1 1= q2;/2) (1 — tz/2) [Ty (1 — t2:/)zi01)

For our upper-triangular Borel and the convention £y = G XE(CA, we have

(40) chRT(G/B, G xP K*) = Sym, (H EfK / )>.
i<ij\t — %i/ %5

Indeed, additivity reduces the assertion to a one-dimensional weight. Borel-Weil-Bott and the Weyl
character formula give (40). Equivalently, the cotangent weights at the standard flag are z;/z;, for
i < j. Applying (40) to (39) proves the proposition. O

Following [Negl5a], let Xy := G xP (n x n) with a commutator map to G xZ [n,n]. Let
i:B— G xP [n,n] be the zero section. Put

Lue) = (L), [2¢] = Le], ...y [ne] = [(n = 1)e])
and take the DG module

. L -1,
.A/c = O%n,n ®q,10G | q RZ*ELMCJ'

xBnn

Define

Z\_.U‘CJ

(41) H, := Sym,, [17z/2)

[T (1 = qtzipa /) i<j
Then analogous to Proposition 4.2, we have ch ,, RT(Xqq, AL) = He.
Proposition 4.3. [Neg22, (2.34) and (2.35)] For ged(m,n) = 1, one has
C.= q"_l”Hc.
4.4. Polynomial representation of elliptic Hall algebra. Take the ring of symmetric functions

A over k := C(q,t).
We use the positive part £1 of the elliptic Hall algebra in the conventions of [BHM-+23, Sections

U U,v

3.2-3.5]. For each coprime pair (u,v) with u > 0, define the alphabet X" = (2", 2z5",...). For
every such (u,v), the algebra £ contains a copy of A(X*%") and is generated by them as an algebra.
For coprime u > 0, v € Z, define

Qup i=p1[=(1 —¢)(1 =) X" € A(X™"),

where p; = ) z;. Here and below [—] denotes the plethystic substitution.
For every n € k(z1,..., 2-), put

(1) = Sym,. | n(2) Hf(zz'/zj')

Note the difference with (41). This choice is compatible with Proposition 5.2 later. Take Ker(.77;.)

inside k[zi', ..., '], Theorem 10.1 in [SV13] is an algebra isomorphism
(42) b S =Pkl 5 ker ) S ET, [2] - Qua,
r>0

18



The product on S is via concatenation: (f - g)(z1,...,Tk4e) = f(21,. .-, 2%)9(Tht1, .-, Thye). In
particular, €T is generated by {Qi.]a € Z} as an algebra. Here we use the reformulation in
[BHM+23, Proposition 3.5.1].

b

For a sequence b = (by,...,b,), though the rational function ¢,(z) = T thz o does not
i=1 \t T q%i/ Zit1
lie inside k[z1, ..., zF], but according to [BHM 23, Section 3.6], there exists a n, € k27, ..., 2]
such that
(43) T () = T (D).

Let wo be the longest element in S,. Since [uc] = wo|pe], we have H. = H,(¢1,,7). Define

Dy = ()
By the proof of Theorem 3.1 in [SV13] (cf. [BHM+23, Propositions 3.3.4]), the algebra £* acts
on A by the vertex formula

(44) QuaF[X] = (~1)Coeffye (FIX + (1 - )(1 — H)/u)Q-uX]),  Q[X] = exp ZPEX] .

Here Coeff,« denotes taking the coefficient of u®.

Proposition 4.4. We have an equality (Hc)pol = w(Qnm - 1).
Here w is the involution of A sending sy to syt where X' denotes the transpose.

Proof. Proposition 3.6.1 of [BHM+23] states that Dy,.1 = Qnm. By [BHM+23, Corollary 3.7.2],

one has (Hc)pol = w(Dpy 1) O

4.5. Bigraded characters.

Theorem 4.5. ([GLWX17, Theorem 1.3]) For coprime positive integers m,n, one has

qf(mfl)(nfl)/Z
[m]q

Moreover, the highest q-degree of menl}t:qfl is (m—1)(n—1)/2.

(45) Qm,nl‘t:q,1 = en X [mlyl, where m]g :=1+q+ -+ gm L.

Proof. (45) is [GLWX17, Theorem 1.3]. For the second assertion, note that the g-degree of e, [X[m],]
is n(m — 1) while the ¢g-degree of [m], is m — 1. Altogether we have the ¢-degree of vanl}t:q_l is

nim—1)—m-1)—-(m-1)(n-1)/2=(m—-1)(n—1)/2. O

Theorem 4.6. With respect to h,,/,, and filtration gradings, we have

chg, (gL ) = w(Qum - 1)(2:0,47'8).

Proof. By Proposition 4.2, Proposition 4.3, identity Lemma 4.1 and Proposition 4.4, we have

chsmxA(grOLff%) = ¢"w(Qnm - 1) (254,47 't)

for some a € Z. To check a = 0, it suffices to compare both sides when setting ¢ = 1: the highest

g-degree of the right hand side upon specialization is (m — 1)(n — 1)/2 according to Theorem 4.5

which equals the highest h,, ,,,-weight of Lf{?)n by [BEGO3, Theorem 1.6]. O
19



4.6. Khovanov-Rozansky link homology. Throughout this subsection, m,n > 0 are coprime
and g = (m —1)(n — 1)/2. Let Ty, n be the (m,n) torus knot. Let P (a, ¢, t) denote its reduced
homology invariant under the conventions of [Mel22].

Theorem 4.7 ([Mel22, Corollary 3.5]). One has

n—1
_ 9 i
P%%(a,q,t) = (a(qt) 1/2) Z(—G,)’L(Qmﬂq‘l,8(i+171n—i—1)).
=0
Let HHH(T},,,) denote the reduced triply graded Khovanov-Rozansky homology of the (m,n)
torus knot with grading convention as in [GORSI14, Section 1.5]. Write L,, /n = Lfg;n, and let

Lyn/n(j) denote its hy, /,,-eigenspace of weight j. Define the re-indexed Hodge filtration by
FiLun = €D Flle ) Lm/n()-
JEZL
Theorem 4.8. For 0 <i<n—1 and j,£ € Z, there exists an isomorphism of vector spaces
HHHZngQi’ 2j7€7jig(Tm,n) = HOmSn (/\iba grng/n(])) .

Moreover, F is preserved by hy,, and is compatible with the filtration on H, /, in which b and bh*
have degree one and S, has degree zero.

Proof. Set d; ; := dim Homg,, (/\ih, grng/n(]’)) . By Theorem 4.6, with m,n interchanged,
ChSn (grOLm/n) = W(Qm,nl)(% qilt)~

The Frobenius characteristic of A is S(n—i,17), and its image under w is $(; ;1 jn—i-1y. Taking the
corresponding Schur coefficient and replacing t by gt gives

(Qm,nl, 5(i+171n7i—1)) = Z di,j,kqj+ktk.
7,k

Consequently,
Pmn(a,q,t) == Zai(Qm,nla S(i41,1n-i-1)) = Zdi,j,kaiqurktk'
Z‘?j7k
Use A, Q, H to record the three gradings in the conventions of [GORS14, Section 1.5]. Then the
convention comparison between [Mel22] and [GORS14] is that a = — A%, ¢ = Q?, t = Q~?H?, and
(qt)'/? = —H. Therefore Theorem 4.7 gives

> A*QPHY dimHHH* (T, ) = A H 9Py (A%, Q% Q2 H?).
a,Byy
Comparing coeflicients yields

dim HHH?9T2520:2k=9(, ) = d; ;..

)

By the definition of F,

gr(()g_j)/ng/n(j)v t—j €2z,

0, 0—j ¢ 27.

Taking ¢ = j + 2k for an integer k gives the desired equality of dimensions. When ¢ — j is odd, both

sides vanish.
Finally, by the compatibility of F© with the order filtration, we have that, for € h* and y € b,

2F{Ln(5) € FLpn(G+ 1), yELyn(§) € FoqLin(G — 1).
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Hence
foLm/n - Ferle/na nyLm/n - Ff+1Lm/n'

The Sy,-action preserves F'. Since F is defined as a direct sum of subspaces of h,, ,-eigenspaces, it
is also preserved by h,, /. O

5. LOCALIZATION ON HILBERT SCHEMES OF POINTS

5.1. Hilbert scheme of points. Let Hilb" be the Hilbert scheme of ideals of colength n in Clz, y).
It is a smooth quasi-projective variety of dimension 2n. The Hilbert-Chow morphism

¢ Hilb" — Sym™(C?) = (C*)"/S,
sends an ideal to the cycle associated with its support, counted with multiplicities.
As (C?)n = 62, we can take Hilb™ := ¢~1(h2/S,) . Translation by the center of mass gives an

isomorphism Hilb = Hilb" x C2.
Set

Hilb" := {(X,Y,v) €gx g x V | [X,Y] =0, C[X,Y]o=V}_.

P

The diagonal action of G on Hilb" is free, and the geometric quotient Hilb™ /G is isomorphic to
Hilb™ [Nak99], which inherits an A-action from (36). Let

Hilby := (A x A x V) N Hilb".

This is an open subvariety of (8). Its quotient Hilb := m/é is the punctual Hilbert scheme,
namely the fiber of £ over the cycle n(0,0).

5.2. The BKR equivalence for Hilb™. The isospectral Hilbert scheme is the reduced fiber product

IHilb" := (Hilb" xp2/g, b%) .-

THilb" — " p?

| ]

Hilb" —— h2/8S,,.

In [Hai01], Haiman shows that « is finite and flat of degree n! . Consequently, P := . Oppr is an
Sn X A-equivariant vector bundle of rank n!, known as the Procesi bundle. Hence, as a result of
Bridgeland-King-Reid [BKRO01], the functor

(46) ® : DY Coh(Hilb") — D% | 4Coh(h?),
F v RB.La* F = RT (Hilb", P @ F).
is an equivalence.

We compose (46) with the bigraded Frobenius characteristic. Localized over C(q,t), @, -, K" *4(h?)
can be identified with A. Therefore, we have an isomorphism -

(47) K @D KA HID )i — A,
n>0

[F] + chg, x aRT (Hilb™, P @F F).
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5.3. Geometric realization of €. Let
<= {(l‘,y) € 92 | [l“vy] = O}red-

Similarly define the commuting variety € inside g>. Let
p:Hilb" = ¢, o : Hilb" — Hilb"
be the maps of forgetting the cyclic vector and taking the quotient respectively.

The direct sum of K-group P, ¢ K GLrXA(E,)1oc carries the Hall convolution product  defined
by parabolic induction [SV13, Sections 7.2-7.5]. Inside it, consider the subalgebra K generated
by {2%[Og ].a € Z} where z is the GLi-equivariant parameter. Then [SV13, Theorem 7.14 and
Corollary 7.15] give an algebra isomorphism

C:60P 5K, CQra) = (1-q)(1—1)2"[0g,]

Let £ be the full elliptic Hall algebra, generated by Q.. = pi[-MX""] for coprime pairs
(u,v) # (0,0). Let a : &€ — Endg(A) be its polynomial representation, whose restriction to £ is
defined by the vertex formula (44). We have an antihomomorphism of & restricted to

T:ETP 5 €, Qra— Qq1 foraeZ.

Denote by p the action of K on A deﬁngd in [SV13, Proposition 7.9] given by convolution. Define
V to be the operator on A defined by VHy = ¢"*)t"N) Hy, where n(A) = 3, (i — 1)\

Proposition 5.1. For Q € £,

p(C(Q)) =Va(r(@) V"
Consequently, for coprime positive m,n,

p(C<Qn,m))1 - V(Qm,nl) - Qm—l—n,nl-

Proof. For the first equality, both sides are algebra homomorphisms from £1°P to Endy(A). Since
the elements Q1 4, a € Z, generate £:°P, it suffices to compare their images.

Put 0, = 2%[Og,|. Let V: be the rank-r tautological vector bundle on Hilb" whose fiber at an
ideal I is Clz,y]/I. Let Z,4+1, be the nested Hilbert scheme parametrizing ideals I,1; C I, of

colengths r + 1 and r. Let p; and p_ be its projections to b ™ and Hilb', respectively. The
nested tautological line bundle £ is defined by

0—=L—=piVey1 =0V — 0.
Its fiber at (Iy41,1,) is I /Ir41.
Proposition 7.11 in [SV13] shows that, for & € K4 (Hilb )joc,
p(02)(§) = R(p+)+([£%] @" Lp* €) =: Ta(9).
Moreover, [SV13, Lemma 4.3 and Corollary 4.4] give
(1— )1 — )T, = Votipty—(at+D)

where p} denotes multiplication by p;. Indeed, (1—¢)(1—%)T_; = p}, and increasing the tautological-
line exponent by one conjugates the operator by V.
On the other hand, by [BHM-23, Proposition 3.3.1 and Lemma 3.4.1],

a(Qa1) = VipIV e

Consequently,
p(C(Qra)) = (1 —q) (1 = t)p(0a) = (1 — q)(1 — )T, = VHpiv =) = V a(7(Q1,0)) V.
The second statement follows from V™11 =1 and Va(Qn) V™ = a(Qunn)- O
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Recall the isomorphism v from (42). Let ¢ := €, /.
Proposition 5.2. Forn € C(q,t)[25,..., 2], we have char,x a(C(([n]))) = S(n).

Proof. By linearity, it suffices to consider n = z{*---2%". Recall that 0,, = 2% [O&]' By the
definitions of ¥ and C,

CW(n)=0—q) (1 —1t)"0q, *---x0q.
Take G = GL, with B, b, T and n as before. Put %b F = =G x (b x b), with commutator map ¢

to G xB n, and 7 is the zero section. For a character ¢ of T, recall the line bundle £, = G xB Cy

on G/B. By [SV13, Section 7.10 and Proposition 7.16(a )], ¢, * --- x 0y, is represented by the
pushforward to €, of
(48) Ox; ; ® _lo . q 'Ri.Ly

where £ = (¢1,...,4,).
Similar computation as Proposition 4.2 gives

char, xa(0p, % -+ %0p,) = (1 —q)""(1 —t)""Sym, ZHI’ 2j/%)

1<J

Applying this formula with ¢; = a,1—; yields

char,xa(C () = Sym, |24 2 [[T(z/2)

1<j

:Symr a1.. arHP ZZ/Z‘7 :%(7’7)7

1<j

where the second equality reverses the variables. O

5.4. K-theory of the cuspidal sheaf. By Lemma 2.3, gr’(N,) is set-theoretically supported on
¢l Furthermore,

Proposition 5.3. The coherent sheaf gNrO(Nc) 18 scheme-theoretically supported on €y;. Moreover,
FO N, =0.

Proof. Take R = C[T*g] and M = gr’N,. By Lemma 2.3, Suppr(M) = €y for €y = {(z,y) €
N X AN | [x,y] = 0}eq- By [Bar0O1], €y is irreducible. Let p C R be the prime ideal defining €.
Let i : A7 — g, be the closed embedding, and put Ny = N¢|g,. Then N7 = i;&.. Write

P, = tr(X%) € Clg]¢ for 2 < k < n. The functions P»,..., P, are transverse coordinates for the
embedding i. Locally, FJQNZ’ can be identified with
(49) > in (Ec @ Wy yg,) OF, -+ O

ag,...,anZO, a2+“‘+an§j

Consequently, @"O(NZ) is locally free of positive rank on €2, = {(z,y) € A, x A" | [z,y] = 0}. In
particular,

By [52i88, Lemma 5.1.13], M is a Cohen-Macaulay R-module of dimension dim g. It therefore

has no embedded associated primes, and hence Assg(M) = {p}.
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Put I = Anng(M). Since M is finite and faithful over R/I, choosing finitely many generators
gives an embedding R/I < M®". Therefore Assg(R/I) C Assg(M) = {p}. Since VI = p, it follows
that Assgp(R/I) = {p}, so I is p-primary.

By (50), I, = pRy. If I # p, then p/I is a nonzero submodule of R/I, and hence Assgp(p/I) = {p}.
On the other hand, (p/I), = pRy/I, = 0, a contradiction. Thus I = p.

For j < 0, the formula (49) implies that gr?NC vanishes on g,. Therefore, the R-submodule
K = Rgr}{N. C M is supported over .4\ .4, but also satisfies Assp(K) C Assp(M) = {p}. Thus
K has to be 0. Since F? is bounded below, we conclude that F9; N, = 0. O

Proposition 5.3 justifies the following definition.
Definition 5.1. We take S, to be the non-derived restriction of gr’(N,) to € and define
F. = (wp*Se)C.
We give S, and F, the A-equivariance from the Koszul construction (38).

Recall that gr’(N.) = Ra.A.. In terms of Ray.A., the definition of F,. makes sense for any integer
m. The support of F. is Hilb{ and it satisfies F. ® O(k) = F.1j for any integer k. We have the
following characterization of its K-theory class.

Proposition 5.4. For ¢ = m/n for an integer m coprime to n, we have
K([Fe]) = qnil(Qm-&-n,nl)‘

Proof. By Proposition 5.1, it suffices to show C(¢" 1Qpm) = [Se], where we view [S.] as a class in
K by extending by 0 from € to €.

Since Qn,m = Dy, the identity chgr, x4 0 C oy = H from Proposition 5.2 applying to np,, 7 in
(43) gives

chgr, xA(C(Qnm)) = He.
On the other hand, Proposition 4.2 and Proposition 4.3 gives
char, xa([Se]) = Co = ¢ He.
By injectivity of chgr, x4 on localized equivariant K-theory [V'V22, 2.5.1], the equality C(¢" 1 Qpnm) =
[Sc] follows. O

Next, we apply localization theorem to x([F.]) to obtain an explicit formula of Q,4np - 1.

5.5. Modified Macdonald polynomials and fixed points. For a partition A - n, let At denote
its transpose. The modified Macdonald polynomial H)[Z; ¢, ] is uniquely characterized by

Hy[(1 - q)Z;q,t] € Clq, t) (s | b= N),
HA(1=1)Z;q,1] € Clq, t) (s, | pp > A1),

Hy[1;q,t] = 1.

Here [—| denotes plethystic substitution and > is the dominance order on partitions.
On the other hand, the A-fixed points of Hilb™ are the monomial ideals of colength n. They are
indexed by partitions A F n. Denote the fixed point associated with A by Iy.

Proposition 5.5 ([Hai03, Theorem 4.1.5 and Proposition 5.4.1]). Under the isomorphism (47),
one has

k([0r3]) = H\[Z;q.1].
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FIGURE 2. Arm, leg, coarm, and coleg of a box u.

5.6. The localization formula. For a box u in the Young diagram of a partition A, let a(u) and
{(u) denote its arm and leg, and let a’(u) and ¢'(u) denote its coarm and coleg, as illustrated below.
For a finite-dimensional A-representation E, write
dim F
A(E) == Y (=1)*cha(A"E).
k=0
Define gy := A(T7 Hilb"). By [ESm88, Haidg], one has

1 H (1 _ qa(u)+1t—€(u)) (1 _ q—a(u)tf(u)—&-l).

(51 N=a-ga-nid

Let iy : {I,} = Hilb™ be the inclusion. For every [F] € K4(Hilb"), equivariant localization gives

(52) K(IF]) =) H*[Z;q’t]chA (Li3F).
AFn

5.7. Principal nilpotent pairs. We recollect some results of [Gin00, Ginl2], which are valid for
any semisimple Lie group G with Lie algebra g.

Write €, for the locus of commuting pairs whose common centralizer has dimension rk g. The
subvariety €, C € is smooth and open dense.

Definition 5.2. ([Gin00]) An element e = (z1,22) in €, is called a principal nilpotent pair if for
any (t1,t2) € A, there exists some g € G such that (t1x1, taz) = (Ad(g)z1, Ad(g)x2).

It is shown in [Gin00, Theorem 1.2] that for every principal nilpotent pair (e, e2), there exists
an associated semisimple pair h = (hy, ha), unique up to conjugation by the unipotent radical of
the centralizer of e in G, such that h is regular , [h1, ho] = 0, and

[hi,e;] = dijej, 1,5 =1,2.
The adjoint action of (h1, ha) decomposes g into weight spaces
g= EB Gap, where ad(hi)x = ax,ad(ho)r = bz, Vo € ggp.
(a,b)€Z?
For every fixed principal nilpotent pair e with an associated semisimple pair h, let
(53) p:A— G/Z(G)

be the 2-parameter subgroup with differential at the identity being C* — g: (1,0) — hyq, (0,1) = ha.
We define an A-action on g by Ad(p) and an A-action g x g by

(54) (1, t2) (2, y) = (87 Ad(p(tr, t2))a, 15 " Ad(p(tr, £2))y)

such that e is a fixed point under this action. The weight space (g @ g),, under the action (54)

equals go11,6 D Gabi1-
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5.8. Principal nilpotent pairs for sl,. The principal nilpotent pairs in sl,,, modulo simultaneous
conjugation and simultaneous matrix transposition, are parametrized by partitions A F n [Gin00,
Theorem 5.6(b)] . These correspond to the fixed points {I} of Hilb"™ under the GIT construction. To
see this, choose a basis vector of V' = C” for each box of the Young diagram of A\. The corresponding
pair ey = (e1, e2) is defined by letting e; move a box one step to the right and e; move a box one
step up, with the convention that a vector is sent to zero when the required box is absent.

Definition 5.3. A bijective labeling of the boxes of A by 1,...,n is called an almost standard Young
tableau if the labels increase from left to right along each row, and if, for two vertically adjacent
boxes, the upper label is larger than the lower label except that a box labeled a — 1 is allowed to lie
immediately above the box labeled a.

Thus a standard Young tableau is an almost standard Young tableau with no exceptional vertical
adjacency. We write ASYT), and SYT) for the sets of almost standard and standard Young
tableaux of shape A, respectively. Almost standard tableaux appear in Negut’s study of eccentric
correspondences [Neg15b, Section 4.5]. The related eccentric flag commuting stack is also discussed
in [GN25, Section 2.3]. In the present setting, the ASYT condition records precisely which negative
simple-root directions are allowed in the Hessenberg space m.

Every tableau o of shape A\ determines a realization of an associated semisimple pair for ey [BG13,
Section 4.4]. If the box labeled k, denoted by (i, has coordinates

a' (Ok) = ax, ' (Og) = by,

Assign the box labeled k to the (n — k + 1)-st coordinate vector and define

1 n
hl = diag<a'fI7 ey a/l) - < ak) In:

(55) hy = diag(by, ..., b1) — ! (Z bk> I,.

Then hi, hy € sl, and [h;, e;] = 6;5€;. Moreover, (hi, hy) is regular. For example, if (e, e2) = (e, 0)
in the notation of (16), formula (55) gives (h1, he) = (3h,0).

Fix ey and the associated pair hy = (h1, he) above. Because h) is regular, its common centralizer
is a Cartan subalgebra. The Borel subalgebras containing h; and hs are therefore indexed by Sy;
write them as by, for w € S,. [BG13, Lemma 4.4.1] establishes a bijection

{bw | €1,€2 € 0y} <— SYT\.
Similarly, let n,, and m,, be the conjugates of n and m by w.
Lemma 5.6. There is a bijection
{bw | €1 € ny,e2 € my } <— ASYT,.

Proof. As in the proof of [BG 13, Lemma 4.4.1], a Borel containing hi, he is equivalent to an ordering
of their joint eigenlines, hence to a labeling of the boxes of A\. The condition e; € n,, forces the
labels to increase to the right. Since m,, is obtained from b,, by adjoining the negative simple-root
spaces, the condition ey € m,, forces the labels to increase upward, except that a vertical arrow
may lie in a negative simple-root space. Such a root joins two consecutive labels, giving precisely
the exceptional adjacency a — 1 above a. These conditions are exactly the definition of an almost

standard tableau. O
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5.9. Bigraded characters. The result in this section can be compared with a special case of
[Negl5a, Proposition 5.5].

For a tableau o, define the weight of the box labeled by i to be y; = ¢% (@)¢¥ (B For a Laurent
polynomial F' = >~ a;;q't/, define

QF) = [ -d'¥),  QF) =QF - [¢"°]F).
i,j

Also write
(1—2)(1 — qtx)
(1 —qz)(1 —tx)

Proposition 5.7. For every m > 0 coprime to n, put ¢ = m/n. We have that

w(z) =

[pe] (i

n—1
56 Q1 =n(E) = (2F) TE Y =TT

1-t Xn oE€ASYT, Hizl (1 —txiv1/x4)

where

(57) Eo 1= ﬁ;(l - XZI)_lﬁKjW(Xi/Xj)-

Here and below, a hatted product means omitting every linear factor 1 — q®t® with (a,b) = (0,0), in
both numerator and denominator.

Proof. The first equality is Proposition 5.4. We show the second equality using localization formula.
Set .Z. := (Ra.A¢)|e,. Write e := ey with an embedding ic : {€} — €,. By the definition of F., we
have an A-equivariant isomorphism
LizF. = Lig.%..

Here the action on the right is given by (54).

Write X := G xB (n xm). Set U := {(x,y) € g : dimj(x,y) <rkg}. Then UN ¢ = &,. Take
Xy = X Xz U, which is smooth, being open in X. Under the A-action of (54), the fixed locus
decomposes as

Xgt= || X%, where X7 = {b,} x ((nw ® my) N UA)-
WESy

The commutator map gives [n,,, my| = by, but we will keep writing [n,,, m,,] to record the A-action.
On this target the action is (t1,t2) - z = tl_th_IAd(p(tl,tg))z, SO [nw,mw]A = [y, my] Ngr1. We
index the contributing w by ASYT) using Lemma 5.6, and put iye : {(bw,e)} — Xy. Define the
quotient

(58) R = [N, M)/ [, ]
Parallel to [BG 13, Proposition 3.8.6], one has
-1
(59)  cha(Lii, Z) = A (Li;Tng) Y oA (Lz’fv,eT)"‘(w,AXU) A(RE)ch(Cpp)-
wEASYT, v
We evaluate the terms in (59). For the line bundle, take the lift of (53) defined by:

p(t1, o) = diag(tth, ... 195 € GL,
which fixes the cyclic vector corresponding to the box (0,0). Under the action of Ad(p(A)), we have

cha(Cp.) HXn z+1
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Write e = ey and j(e) := Staby(e). By definition,

ARL) = A ([, Mo/ [, Mo )*)

Lemma 3.9.1 and Lemma 4.6.1 of [BG13], with b, replaced by the Hessenberg space m,, in the
second identity, give

A (LigTgaer) = oaA (8/(65(e) @ 9))").

. My D My, -
A(Li* T, A Xu) = Alng)A ,
(s xg* ) = Alew) <<(g@g)“‘ﬂ(nw@mw)> )

where g, is as in (51).
Let R and R™ be the sets of roots and positive roots determined by b,,, and let S C RT be the

simple roots. Set
= ) gt Zi= ) '
1<i<j<n 1<i<j<n

Then under our convention,

n—1
ORISR NS SYECIEE poery
i=1

a€R* a€sS

Furthermore,
n
cha(b*) =n—1,  cha(@)=n—1+5+35,  chaGle))=> x ' -L
i=1

Consequently, A ((g/(3(e) @ 5))*) = AT + £)Q° (X1, ;1) - Also,
cha(ny) =5, Alng) = Q).
The A-action of (54) yields
cha(nl, & {0}) = ¢,

n—1

cha({0} ®my) = (n— Dt +S+1 D xisx; -
i=1

It follows that

Ny D My, * - . n—1 -
A <<(g@g)Aﬂ(nw@mw)> > = ((”— 1)t+(q+t)z+tz><i+1xi 1) '

i=1

Finally, ch4([ny, my]*) = (n — 1)gt + ¢t¥ implies that
ARL) =Q%((n— L)gt + ¢t).

Putting all pieces together, one obtains (56). O

5.10. Comparison with other DG modules.
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5.10.1. Catalan DG modules. Recall the DG module (41). We believe that the action map from
Specy, , Ay to g? factors through a map a : Specg, . Ay — €. Under this assumption, define

F := (Rw,Lp*Ra..AL)C. Then parallel to Proposmons 5.4 and 5.7, one can compute
~ B H % IJCJ
K’([‘FQ)ZQern,n].:ZHA Z ST =1 An—it+l .
AFn oceSYTy Hz 1 (1 — qt Xi )

There is expected to be a G x A-equivariant isomorphis in the derived category of coherent sheaves
on ¢:

¢S, ~ Ral A,

A nonderived version of this conjecture appears in [GN25]. We note that it is not known a priori
that the pushforward of A, to g2 is concentrated in a single cohomological degree. By contrast,
Ra, A, is concentrated in one degree because it is the associated graded of N..

5.10.2. The Procesi bundle. The diagonal actions of G on € and S,, on h? give a Chevalley-type
isomorphism

C[e]% = C[p*)*".
Let J€,orm be the normalization of (€ Xp2 /8, h2)red, let a: J€orm — € be the projection, and set
R := a,Os¢,,,..- Recall the quotient map w : Hilb" — Hilb™. According to [Ginl2, Corollary 3.2.5],
(60) (wp*R)E = P.

Theorem 1.3.3 and 4.3.2 of loc. cit. realize R as a pushforward of Oy, , ®qL—1o - ¢ 'Ri, Op, a
’ GXPn

specialization of (48) at £ = 0 in the trace free setting, by taking Hodge associated graded of the
Harish-Chandra D-module. As a result, [BG13, Theorem 4.5.1 and Proposition 4.8.2] compute

" 9x =
(61) chy (Lif, R) = — — > E.
O e e

By (60), this is also the character of the Procesi fiber at Iy and coincides with the Garsia-Haiman
formula derived from the Macdonald Pieri rule [GH98].

6. VANISHING OF HIGHER COHOMOLOGY VIA WINDOW CATEGORIES

The goal of this section is to prove Theorem 6.4. Throughout this section, all functors between
derived categories are derived unless otherwise specified.

6.1. KN stratification. We follow the definitions from [HL15]. Let G be reductive and fix a
G-equivariant embedding X — P" x A" to define £ := Ox(1). Fix a positive-definite norm on the
space of real cocharacter invariant under the Weyl group action. For a one-parameter subgroup A
and a connected component Z C X*, the associated attracting locus (blade) is

Yyz = {:r € X |lmA(t) -z e Z}.
t—0

Taking limit defines a contracting morphism 7 :Y) » — Z.

Let Py C G be the parabolic subgroup consisting of those p € G for which lim; o A(¢)pA(t) !
exists, and let Ly = Zg(A) be its Levi subgroup. If X is smooth along Z, then 7 is a Py-equivariant
locally trivial affine bundle. For a KN stratum S = G -Y), z, one moreover has S ~ G x P Y) z, and
the restriction to Z of the conormal bundle Zg /Ig has strictly positive A-weights.

The Kempf-Ness stratification is constructed inductively. At the i-th step one chooses, up to
G-conjugacy, a pair (\;, Z}) maximizing pu(A, Z) = —% among pairs for which Z is not
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contained in the union of the previously constructed strata and for which (A, Z) > 0. One then
removes from Z; the previously constructed strata, obtaining an open subset Z; C Z7, and sets
Y; = 71';1(21') to be the attracting locus and S; := G - Y;.

Thus X is obtained from its semistable locus by successively adjoining the unstable strata S;.
We write L; = Zg(\;) and P; := Py,.

6.2. The non-commutative Hilbert scheme. Let G = GL(V) act diagonally on X = g2 x V.
For the character det™!, semistability is precisely the condition that v generate V under z and y:

X% ={(x,y,v) : C{z,y)v = V}.

The action on this cyclic locus is free, and X* /G is smooth and irreducible. The equation [z,y] = 0
cuts out Hilb" inside X*/G.

The unstable strata are indexed by the dimension ¢ < n of the cyclic subspace. To describe
the stratum with index ¢, choose a decomposition V = Vi0 ® V,” with dim V;O = 4, and use the
one-parameter subgroup

Ai(t) = diag(lvio,t_llvf).
Its Levi subgroup is L; = GL(V,") x GL(V;”), and the corresponding parabolic is P; = Stabg (V).
Write [; = Lie(L;) and p; = Lie(P;). The centers and blades are
Zi = {(z,y,v) € (iNg)* x V" : Clz, y)v =V},
{(z,y,v) € (piNg)* x V}: Cla,ypv =V},
G xFiy;.

=
|

1%

S;

6.3. Derived O-stratification. We first recall the content of [HL, Definition 1.2.2 and Lemma
1.2.3]. Set © = [A!/G,,] with the scaling action. For a derived algebraic stack U, write

Filt(U) = Map(©,U), Grad(U) = Map(BG,,,,U).

Evaluation at 1 gives the forgetful map evy : Filt(i) — U. Restriction to [{0}/G,,] gives the
associated-graded map evq : Filt(U) — Grad(U/), and © — BG,, induces the split-filtration section
s : Grad(U) — Filt(U).

Definition 6.1. Let X’ be a derived algebraic stack locally almost of finite presentation over C, with
affine diagonal. A derived O-stratum in an open substack & C X is an open and closed substack
S C Filt(U) for which j = evy |s is a closed immersion. Its center is Z := s~!(S), and the restriction
of s gives the split-filtration section ¢ : Z — S.

A finite derived ©-stratification consists of open substacks

X=UyDU1 D -DUN =X
and for each 1 < a < N, a derived stratum satisfying
ja : Sa — Z/{aflv Uy =Uq—1 \ja(Sa)-

6.4. Induced strata on the DG flag Hilbert scheme. For a quotient stack, given a one-
parameter subgroup, the quotient of the blade defines the filtration, and the quotient of the center
defines the associated graded. In the setting of interest, fix the upper triangular Borel B C G = GL,,
identify G/B = G/B, and set

Xom =G xP (nxm x V).
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For 0 <i < n, let S; ,,—; be the minimal representatives of the quotient (S; x S,—;)\S,. Writing
B, :=o0Bo~!, the fixed point locus decomposes as
G/B = || Li/(LinB.)
0ES;in—i
For each E =n,m,b, put F, := Ad,FE. We have the zero and nonnegative \;-weight spaces:
EY;=E,NL,
Ef, = E;Npi.
Taking the cyclic condition into account, for ¢ = 0, +, we define
Wori = {(x,y,v) € ng xmi; x V2 Cla,yhv = V77},

0,1
H),:=LiNB,, H} :=PNB,.

1,0
Then the classical center and blade are

. 0
XQie = L; x Mo e

0,0

X-‘r

_p JH gte
myzi,o0 ‘PZ Xone Wa,i .

Recall the commutator map X,m — g = G xZ b, (g,2,y,v) — (g, [z,y]). Define M = X xfg B

and X = [M/G]. Being a derived zero fiber of the commutator map in a smooth scheme modulo
smooth affine groups, X satisfies the assumptions of Definition 6.1. The derived center and blade
are respectively

i, H? 0,0
M = L x e (W0 B (0}

+ [¢]
M, = P; x i <W+’ X {0}> :

0,1
Here the maps to by ; are the restricted commutator maps. Define
Zig = [My°/Li),  Sig = [M,/P).

Lemma 6.1. Order the pairs (i,0) such that (i,0) < (j,7) ifi < j ori=j and o < 7 under the
Bruhat order. Choose a linear extension of this order , denoted again by <. Then the stacks S; »
with centers Z; ,, form a derived ©-stratification of X.

Proof. Let superscript ' denote the classical truncation of a derived stack. Denote the complement
of <U(jﬁ)<(i7a) Sj,7> in X by U; . The condition dim C(z,y)v < i is a closed condition. Moreover,
for a fixed rank 4, the condition 7 < ¢ is the Bruhat closure condition and hence is also closed.
Together, we have that (U(W) <(i,0) S;L) is closed in X!, Similarly S is closed in Uf{, Moreover,

1,0
U, is locally almost of finite presentation and has affine automorphism groups as it is open inside
X of these properties. We proceed to verify the conditions of Definition 6.1 for S; , inside U ;.
For a group H, let BH denote the classifying stack. We have the identification
X =[(n, dm, ®V)/B,] Xf:a/ﬁa} BB,.

Write Filt; , and Grad;, for the substacks consisting of maps associated to the one-parameter
subgroup \; and relative position o in the direction of G/B. Applying Map(©, —) is compatible
with derived fiber products. Therefore computing termwise, we have that

Si,a = Fﬂti,a(ui,a)a Zi,g = Gradi,a(ui,a)-

In particular, S; , is open and closed in Filt(Y; o).
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Let U C M be the inverse image of L{fla Consider the closed incidence subscheme I C U xgr(i, V)
of tuples (b, z,y,v, E) such that v € E,2(E) C E,y(F) C E and that the relative position of F
and b’ is at most 0. By the definition of U, dim C[x, y]v > i. Since C[z, yJv lies in in E of dimension
i, we have E = C[z, y|v and the relative position of E and b’ is exactly o. Therefore we have

I=Gxb (M),

The projection I — U is proper. It is also a monomorphism: over any base scheme, the sections
obtained by applying words in x,y of length at most n — 1 to v lie in E and span every fiber of E.
By Nakayama’s lemma, these sections generate F as a sheaf, so E is determined as their image in
the trivial bundle V. Thus I — U is a proper monomorphism, hence a closed immersion. Finally,
: 1 1 1 1 1 : :
I — U is the base change of §7, — U;, along U — U;’,. Thus &, — U], is a closed immersion
and so is §; o = U . ]
6.5. Quantization commutes with reduction. Write (;, : Z;, = Sis and jio : Sig =+ X
for the embeddings. The A;-action gives the weight decomposition on the center. Following [HL,

Lemma 1.5.3], let QC(Z)2%, resp. QC(Z)<¥ be the derived category of quasi-coherent complexes
on Z of weight at least w, resp. less than w.

Proposition 6.2. Let F,9 be perfect complexes on X. Suppose that for each stratum there is an
integer w; o such that

CrodioF € QC(Zi0)="",
Glodi o9 € QC(Z15) <.
Then restriction induces an isomorphism
RHomy (F,%) = RHomyss(F|xss, 9| xss).
Proof. Apply [HL, Proposition 2.1.3] successively in the order of Lemma 6.1, noting that Lemma
1.5.4 of loc. cit. reduces its weight conditions to the two conditions in the statement. ]

6.6. Weight bound. To apply Proposition 6.2 to the DG module A., we must bound the weights.
Set K 5 := jé’g(’)x. For the perfect complexes used below, the projection formula gives

.1 %
(62) ]i,a(_) = ]i,a(_) ® K:i,a-

The ambient stack and strata are quasi-smooth. Thus [HL, Proposition 3.1.5 and Lemma 1.3.2] give
(63) Wty (GioKio) = —io, Where 1;q := Wy, det((7oj7 s Lx)>0.

Here Ly is the cotangent complex of X', -( selects the positive weight spaces, and dety is the
alternating tensor product of the determinants of the terms. Write £y x for the pullback of £, from
B to X.

Lemma 6.3. Let ¢ > 0. For0<j<n,0<i<mn, and o € S; n—i,
v i 0
Crodio (Lruax ® NVT) € QC(Zi0) ™.
Proof. From
X~ [nxmeV)xi{0}/B]

we obtain

*

[Lx] = [ng] + [m3] + [V*] = [05] — [b,],
Mo = dim(ny)—1 + dim(mg)_1 + (n — i) — 2dim(bs ) 1.
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The extra central line in b, has weight zero. Writing m = b ® u_ gives

(na)—l = (ba)—lu
(mg)—1=(bs)-1® (u-5)-1-
Hence 1,5 = (n — i) + dim(u_ 5)_;.

We now compute the weights of (i, (L. .0 @ ANV*). A weight of v = (v,) of AJV* satisfies
va € {0,—1}" and }_ v, = —j. Any weight of (7 j’ (Lruqx ® AV*) can be expressed by
(MNi,o([pe] +v)). Since ¢ > 0, every [ic] — [(i — 1)c] is nonnegative, and the first entry is [¢] > 1.
The entries of A; are 0 and —1, so

Aiso([pel +v)) <n—i

If (u_,)—1 = 0, the first entry of o~!\; must be —1, improving this bound to n —i — 1. Since
Ni,e = (n — i) + dim(u_ 5)_1, we obtain

max(\, o[ ]40)) < i — 1.
The lemma now follows from (62) and (63). O

6.7. Vanishing of higher cohomology. The natural A-equivariant structures on gr(L.) and F,
differ by the change of variables (¢, ¢~ 't) and the shift ¢'~", as we have seen in Theorem 4.6 versus
Proposition 5.4. To simplify notation, for the rest of the paper we write F := ¢!~ F, and when we
say A-equivariant isomorphism we mean up to the change of variable (¢, ¢~ 't), which we denote by

A

For any simple S,-representation V,, write PX := Homg, (V,, PY).

Theorem 6.4. Let ¢ = m/n > 0 with gcd(m,n) = 1. For 0 < j < n — 1, there is a bigraded
isomorphism after shifting geometric weights by ¢*=™ and substituting (q,t) — (q,q"'t) on the left

, hen i > 0
HiHiL", FO 0 PY, ) = . v
(Hi e ®Pry) {Homsn(/\] B, gr’Le)  when i =0

Proof. Recall that
Homg, (N V,PY) = ATVY.

where V is the rank-n tautological vector bundle on Hilb™. Moreover, V decomposes as O @ V' and
Pig =N V).

Let X* be the semistable locus. For 0 < j < n, apply Proposition 6.2 to Oy, Ly,.).x ® NV,
and w; , = 0, as Lemma 6.3 supplies weight bound condition:
(64) RU(X, Liu0.0 © NVF) S RU(XS, L1, 2 @ NVE).

Theorem 3.8 identifies the pushforward of L, 7 x X Oy to X with gr’(N,). Therefore (64) gives
(65) RD(X*, g1 (Ne) @ AV 2 (X, g (No) © A V*)E.

using that X is affine and G is reductive. The left hand side of (65) is isomorphic to RT'(Hilb", . ®
AVY), by the scheme-theoretic support in Proposition 5.3. Consequently, H>°(Hilb™, F.@AVY) =0
and
D(Hilb", F. @ MVY) 2 T(X, gr’(N.) @ ATV*)C,
Contraction with 7 gives a split short exact sequence
0= Py = NV D Pl — 0.
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The bundle ijh is a direct summand of AVVV, so H>°(Hilb", F, ® ijh) = 0. Moreover, composing

tr with the inclusion PY;_, b~ ANTIVV gives that
D (Hilb", F¢ @ Py;y) =Ker(T(Hilb", Ff @ ATVY) — T(Hilb", FY @ AV 1VY))
~Ker(T(X, gr’(N.) @ MNV*E = T(X, gr’(N,) @ A 1V))

=Homg,, (/\jhm, grOL(m) )

n/m
using (12).
Finally, [GORS14, Proposition 1.5] supplies a bigraded isomorphism

Homgm(/\jf)m,graL(m) ) & Homgn(/\jf)n,gr“L(n) ).

Here gr® is taken with respect to the filtration defined later in Section 7.1 and shown to coincide
with FY in Proposition 7.2, whose proof does not use anything in this section, so this forward
reference is not circular. O

7. FILTRATIONS AND FULL MODULES

In this section, we identify the Hodge filtration with the a-filtration, whose definition is more
explicit. This allows us to prove Conjecture 1.1 for ¢ > 0.

7.1. The a-filtration. On the Cherednik algebra H., one has the Fourier transform
Se(xi) = vi, Se(yi) = —wi, Fe(w) = w,
which defines the Dunkl form on the polynomial representation C[h]:
(f:9)e = [Fe(f)g]lzi=o-

For ¢ = m/n > 0 with m, n coprime, the radical I, of (—, —), is nonzero, and C[h]/I. = L. [DOO03,
Proposition 2.34]. On L. one has the induced Fourier transform §. [Ma26, (11)]. For a nonzero
highest weight vector S, it is given by F.(¢) = Fe(¢)Be [Ma26, Lemma 3.3]. Let L denote orthogonal
complement for the Dunkl form. Take the ideal a := (C[h]i") C C[b).

Definition 7.1 ([GORS14, 4.2]). The a-filtration is FPL, = F.((a"*!)L) for i > 0 and 0 otherwise.
The powers of a are taken in L.

Alternatively, we have the following characterization.
Lemma 7.1. Fori >0, F*L. = {¢ € L. | a'*1¢ = 0}.

Proof. Define (¢, ¥)p, 1= (¢,§C(¢))c. This form is nondegenerate and Frobenius. Indeed, adjointness

and yF. = Fer give (¢, V)r = (¢, 29)Rw. Since the x variables generate L. as an algebra, this
proves the Frobenius property. Thus,

{Qb € L, | aH—lgb _ 0} _ (ai-l-l)J_Fr _ §c—1 ((CIH_I)L) )

Finally, the algebra automorphism §3 sends = to —z and y to —y. Since a’*! is homogeneous,
(a**t1)+ is preserved by this involution. Hence

§;1 <(ai+1)J_> _3, ((ai+1)1_> — F°L.. 0

Proposition 7.2. For every i € Z, we have F L. = FfLe.
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Proof. We use Proposition 5.3. For k > 1, write P, = tr(X*) € C[g]“. By Proposition 5.3, since P,
vanishes on €,jj, we have P,gr’N,, /n = 0, or equivalently PkF;QNm /n C FJQ_INm /n-
Now let S = (Ps,..., P,) and define a Clg-linear map

Aj: gr?NC ) gr?,lNc, Aj(u)(Py) = Pyu.
On g,, the relations [Py, 0p,] = —0ks give

P (0 Ou) = —adf - OO,
Thus Ajg, is the collection of contractions on Sym?(0p,, ...,0p,). Their common kernel is zero for
7 >0, and therefore
(66) ker(Aj)lg, =0 (7> 0).

We now extend this injectivity beyond the regular locus. Use R = C[T*g], M = gr'N, and the
prime p defining €, as in the proof of Proposition 5.3. Let L; be the R-submodule of M generated
by Ker(}\;). Then L; is supported on 71 (A"\ A;) for 7 : T*g — g being the projection. If L; # 0,
then Assgr(L;) C Ass r(M) = {p}, a contradiction , since the generic point of &y; lies over .4, and
hence (Lj), = 0. Therefore L; = 0, and hence )\; is injective:

n
(67) () ker (P : gr)Ne = g1 | N) =0 (j>0).
k=2
Passing to grOLfl /731, let pr, = >, zF € C[h,,]°™ for k > 1. Under the identification in Theorem
2.4, (N /n ® ® (V*)@m)G =~ L7(1/7)n’ the action of P, corresponds, up to a nonzero scalar, to the action
of py. Tensoring (67) with (V*)®™ preserves injectivity, and taking G-invariants is exact because G

is reductive. Hence piF ]QLSI/@) CcF ]QflLEL /) As a result, every element of a’™! sends F 07, /) into

m

FBILSI%)R = 0. Moreover, (67) plus Newton’s identity implies

(68) ﬂ ker <pk grOL(/) — gr] 1L7(1/T)n) =0
k=2

for all j > 0. As a result, for ¢ > 0 and ¢ € FOL \F0 m) al¢p # 0. Altogether, we have

shown that FOL( ™) equals {¢ € Ln/ ,aitle =0}, Wthh equals F“L( ™) by Lemma 7.1. O

n/m n/m

7.2. Shift functors. Put e_ = L > wes, sign(w)w. Define By := Heyr1e_6H.. For every k > 2,
define recursively B := Beyr—1,1 ®H,,,_; Ber—1. Thus By, is an (Hey, He)-bimodule, naturally
embeds inside the localization (H.)s and hence inherits the order filtration. By [GS05, Lemma

7.2}, this sub-filtration coincides with the tensor-product filtration. Let Q. := eB. e, which is an
(Acig, Ac)- bimodule.

Lemma 7.3. With respect to tensor product filtrations on the left hand sides, we have filtered
isomorphisms for all k > 1:

(69) BC,k ®H, (LC,FQ) = (LCJrk: Fa)v

(70) Qe @4, (eLe, F*) = (eLeyg, F°).

Proof. By [Ma26, Theorem 4.2], we have filtered isomorphisms: B re ®a, (eL¢, F*) = (Ley, F'%).
This implies both filtered isomorphisms of the lemma. ([l
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7.3. Equivariant Proj construction. Consider the diagonal S,, action on h2. Set Ry = C[h?]*»
and R be the ideal JC[h2]%8". Take Ry := R} to be the product of ideals in Ry and

R = @Rk

k>0

On Ry, we normalize the A-grading such that 6% contributes bidegree (0,0). In this way, by [[Tai98,
Proposition 2.6], there is an A-equivariant isomorphism

Hilb™ = Proj(R),

such that A-equivariantly, detV = O(1).

The algebra R is noetherian and generated by R; over Ry. The equivariant form of the classical
theorem of Serre gives an essentially surjective functor from finitely generated A-equivariant graded
R-modules to A-equivariant coherent sheaves on Hilb”: For a coherent sheaf F on Hilb", set

I.(F) := PTHI", F @ O(k)).
k>0

There is an A-equivariant isomorphism
IW(F) = F.

7.4. Simple modules and sheaves.

Corollary 7.4. Let ¢ = m/n > 0 with (m,n) = 1. There is an A-equivariant graded R-module
1somorphism

(71) P er*(eLerr) = @ T(HIDL", FLy).

k>0 k>0

Proof. First of all, the isomorphism F.(k) = F.1%, Theorem 6.4 with j = 0, and Proposition 7.2
give an A-equivariant graded Rp-module isomorphism between two sides of (71). We continue to
compare the R-module structures.

Let r = ¢+¢ for an integer ¢ > 0. Write 2 = D(®). Then by [GGS09, Corollary 4.6, Theorem 5.3,
Proposition 5.8] and using (10), we have the vertical isomorphisms in (72) and the commutativity
of the diagram. The top isomorphism is (70) from Lemma 7.3. The lower arrow is given by
multiplication.

(72) Qi (Qrk ®a, eLy) Qi r(eLryr)

) "

(2/27 @) @a, W@ V)@ = (N V)0

By Theorem 6.4, we have gr’ (N, @ C[V])™® = I(Hilb", F,.). Moreover, by [GS05, Corollary
6.14(1)], we have an A-equivariant isomorphism

—det—F
gr(Qri) = g1 (2/ 27, (@) = Ry
Taking associated graded of (72) and precomposing with the surjection

grQr i Qgra, gr(ely) — gr(Qr i @a, eL;)
36



gives the following commutative diagram:

Ry @R, grf(eLy) ———— gr(eLy4x)

- -

Rk ®R0 F(Hllbn, FS) _— F(Hllbn7 fo—i—k)

r

Hence the isomorphism respects R-actions. g

7.5. Full modules and Procesi bundle. Write o : IHilb” — Hilb™ and 3 : IHilb"™ — h2 for the
two projections. Recall that P%8" = detV = O(1). By [Hai02, Proposition 5.5], the inverse BKR
functor is

U(M) = (Ro LB*M)™" ® O(-1).

Theorem 7.5. Let ¢ = m/n > 0 with (m,n) = 1. Suppose H (Hilb", FO @ PY) =0 fori > 0 (which
holds e.g, when ¢ > 0). There is a bigraded C[h?] x S,,-module isomorphism

gr'Le « D(Hilb", FO @ PV).
Proof. Recall the S,, x A-equivariant isomorphism

PV ~sgn@P @ O(-1).

Together with F0 ® O(—1) = F)_,, this gives

f?@Pv %sgn@)}"g_l R P.

We will construct a bigraded C[h?2] x S,-module homomorphism o : sgn ®gr*L. — ['(Hilb", P& F) ;)
and show its injectivity. The theorem will then follow from comparison of dimensions.
The truncation map L5*(sgn ® gr®L.) — §*(sgn ® gr®L.) and the affineness of « give a map

(73) U(sgn ® gr'L.) — (. 8%(sgn ® gr'L.))*®" @ O(-1).
Write Jo = C[h?] and

Jy=JodClH*Ie,  Jy=Jf CJo, J=EP
k>0
Give J the analogous A-equivariance as R. By [HaiOl, Proposition 3.4.2], IHilb™ = Proj(J), A-
equivariantly. As in Section 7.3, the functor (—)~ takes finitely generated graded J-modules to

coherent sheaves on THilb". Taking S,,-invariants after pushing forward along «, the right hand side
of (73) is identified with

~

(74) P i o L) | @ 0(-1),
k>0

where the sheafification in (74) is taken over R.
Taking the associated graded of (69) and precomposing with the surjection from the tensor
product of associated graded gives a surjection

(75) grBek @gr(,) 8% (Le) — g% (Let)
for every k > 1. The identification egrB.j = J;, from [GS05, Proposition 6.5] gives
Shn

Sn ~
(gch,k ®gr(HC) gra(LC)) - (Jk ®Jo gra(LC))
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The maps (73) and (75) give

~

(76) U(sgn @ gr'(Le)) = | P e’ (cleys) | @ O(-1) 2 Fl @ O(-1) = F),
k>0

using Corollary 7.4. Applying ®, we obtain a bigraded Jy x S,-module map
0:sgn® gr*(L,) — RI(Hilb", P ® ]:3_1) )

By the hypothesis, the right hand side is concentrated in cohomological degree 0.

Next we show that the sgn part of g is an isomorphism. Since P%8* 22 O(1) and F0_, @ O(1) = FV,

we obtain
0% : gr®(eL,) — I'(Hilb", 77).

For a homogeneous v € gr®(eL.), multiplication by v defines an S,-equivariant Jo-module map
sgn ® Jo — sgn ® grL. of the same bidegree as v. Applying ¥ and composing with (76) gives a
map O(—1) — FV ;. By naturality of truncation and sheafification, after tensoring with O(1) this
is the sheafification of the graded R-module map

R — @ gra(eLC-‘rk)'
k>0
Under Corollary 7.4, this sends 1 to the section corresponding to v. Hence %"
component of the isomorphism in Corollary 7.4, and is therefore an isomorphism.
By Proposition 7.6 below, the socle of sgn ® gr®(L,) as a Jp-module is sgn ® gr*(eL.). Since this
module is finite-dimensional and supported at the origin, every nonzero submodule intersects its
socle nontrivially. As p is injective on the socle, Ker(g) = 0.

Finally, Theorem 4.6 and Proposition 5.4 give equality of the dimensions. U

is the degree-0

7.6. Socle of gr'L.. Let m C C[h?] be the maximal ideal at the origin. Among modules supported
at the origin, the only simple C[h?]-module is C[h?]/m, so

Socle(gr'Le) = {¢ € gr'L, : m¢ = 0}.
Proposition 7.6. Socle (gr*L.) = gr®(eL,).

Proof. Suppose §; is the image of y; in gr(H.). We first compute (), Ker(&;). Below all powers and
operators are taken in L. Use the Frobenius pairing from Lemma 7.1, (u,v)p = (4, 5c(v))e. The
adjointness relations for the Dunkl form give (yu,v)p = —(u,yv)r. By Lemma 7.1, this pairing
induces an S,-emodule isomorphism griL. = (a* /ak*1)*. The Dunkl product rule gives b -a**! c a*.
Thus, under this identification,

ﬂKer(fi) Ngril. = QF, where Q, := ak/(ak’drl + b afth,
i

where b - af* = 37 y;ab Tl We claim that Q = Q™.

Let p; be the i-th power sum symmetric polynomial for i = 2,...,n. Every element of a* is a
sum of terms hpq, - - - pq,, with h € C[h]. We prove by downward induction on the exponent a of
p2 that for h nonconstant homogeneous and rs > 2 hp§p,, - - pr,_, = 0 in Q. It suffices to take
h = xh' with z linear. Choose y € h such that « = dyps, and put g = p,, - - pr,_,. Since ps and g
are invariant, product rule [Gorl3, Corollary 5.3] gives

y(h'pst! ) (yh)p5™ g + (a + 1)hpSg + h'py T 0yg.

k+1

The left hand side lies in b - a**1, and the first term on the right lies in a**!. The last term is

Z (h' Oypr, )P + Hprt

t#s
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For a = k this sum is empty. Otherwise each summand has k invariant factors, a + 1 of them equal
to ps, and a coefficient of positive degree. Hence this term vanishes in Q3 by induction. Since
a+1 # 0, this proves the vanishing of hp$g as desired. Consequently, Q) is spanned by products of k
invariant generators with constant coefficients, proving the claim. As a result, (), Ker(&;) C greL,.

For the other direction, we need to show e(h - ak+1) C ea**!, For g = Pay ** Pag,,» by product

rule,
e(y(hg)) = e(yh)g + Y e(hdypa,) [ | pa-
s t#s
Each coefficient e(hdypa,) is an invariant polynomial with zero constant term, so every term belongs
to a®*1. Therefore Q) = e(a*/a**1). Dualizing gives (), Ker(&;) = gr®(eLe).

Let u; be the image of 2; € h* in gr(H,). Since the u; commute with the &;, we have u; (), Ker(&;) C
M), Ker(&;). For v € (), Ker(&;), triviality of the Sp-action on (), Ker(§;) makes the map h* —
M), Ker(&), ui — wjv, Sp-equivariant. It is zero because Homg, (h*,C) = 0. Thus (), Ker(&;) =
Socle(gr®Le). O

7.7. Compactified Jacobians. We apply Theorem 4.6 and Proposition 7.2 to a conjecture in
[OY17]. Keep m,n as above and ¢ = m/n. Let J,,,, be the compactified Jacobian with a fixed
degree of the compactification of the plane curve y™ = z™ that is smooth away from 0. Write P for
the perverse filtration on H*(J,, ). Here cohomology is taken with C-coefficients.

To state the connection with the Cherednik module, recall the isomorphism

(77) eLc = C[0] /12",

which is the coordinate ring considered in [OY 17, Section 1.1.6]. Take the maximal ideal m :=
C[b]i"/[f" and define a decreasing filtration on eL. by m”. Let eL.[j] denote the homogeneous
degree j subspace under the identification (77).

Conjecture 7.7. ([OY17, Conjecture 1.1.7]) For every i,j € Z, there is a canonical isomorphism
ger%(Jm’n) & o) 'eLe[j] compatible with the ring structures.

By [OY 17, Theorem 1.1.8 and Corollary 1.1.9], Conjecture 7.7 is equivalent to the dimension
equalities
(78) dim H*9=9(J,,.,) = dim grl el
for all i € Z where g = (m —1)(n —1)/2.

The bridge between the two sides of (78) is the rational shuffle theorem. Let DP,, /, be the set of

(m,n)-Dyck paths, and let area and dinv be the two standard combinatorial statistics on DP,, ,,
with values in [0, d]; we refer to [Mel21] for the definitions.

Theorem 7.8 ([Mel21, Theorem 5.8]). For coprime positive integers m,n,

(Qm,n -1, s(ln)) = Z qarea(A)tdinv(A).
A€EDP,,

Theorem 7.9. Conjecture 7.7 holds.

Proof. We verify the dimension criterion (78). Theorem 4.6, Proposition 7.2 and Theorem 7.8 give
Z dim gr;(eLCﬁj = (Qm,nlv S(ln)) ‘q=1 - Z i (A),
=0 A€DP,, ,

Let P(t) = ), dim H"(J;, »n)t" be the Poincaré series of J,, ,,. Take the Sy-invariant part in [Hik14,
Theorems 4.15 and 4.17], corresponding to the Grassmannian affine Springer fiber and hence to the
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compactified Jacobian of a fixed degree. We obtain

A€DP,,

Hence dim H2977)(J,, ,) = dim grf(eL¢). Therefore (78) holds. O
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