
FROM CHEREDNIK ALGEBRAS TO TORUS KNOT HOMOLOGY VIA

CUSPIDAL D-MODULES

XINCHUN MA

Abstract. We prove a rational generalization of Haiman’s master formula, conjectured by Gorsky
and Neguţ: the bigraded Frobenius character of the associated graded of the finite-dimensional
representation Lm/n of the rational Cherednik algebra at slope m/n can be expressed using the
generator of the same slope in the elliptic Hall algebra acting on its polynomial representation. The
filtration on Lm/n is induced by the Hodge filtration on the cuspidal character D-module. As a
corollary, we relate the triply-graded Khovanov-Rozansky homology of the torus knot to the sum
of hook multiplicity spaces of Lm/n, proving a conjecture of Gorsky, Oblomkov, Rasmussen and
Shende. We further provide a realization of the torus knot homology in terms of explicit coherent
sheaves on Hilbert schemes of points in the plane.
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1. Introduction

1.1. The master formula and Hilbert schemes. The symmetric group Sn acts on the polynomial
ring R := C[x1, . . . , xn; y1, . . . , yn] by permuting the two sets of variables simultaneously. Let (RSn

+ )
be the ideal generated by invariant polynomials whose constant terms are 0. The diagonal coinvariant
ring is the quotient DHn = R/(RSn

+ ). With respect to the C∗ × C∗ scaling action on DHn, one may
consider the bigraded Frobenius character of DHn. Let en denote the n-th elementary symmetric
function and ∇ the nabla operator [BG98] on the ring of symmetric functions over C(q, t) with
Macdonald polynomials as eigenvectors. The master formula [Hai02] states that the bigraded
Frobenius character of DHn equals

chSn×C∗×C∗(DHn) = ∇en.(1)

Upon specialization, one deduces that dim(DHn) = (n+ 1)n−1 and dim(DHsgn
n ) = 1

n+1

(
2n
n

)
, which

were open conjectures prior to the landing of the more general formula (1).
Haiman’s proof engineers the geometry of the Hilbert scheme of n points in the plane, which

we denote by Hilbn. In particular, he shows the existence of the Procesi bundle, a rank n! vector
bundle over the Hilbert scheme [Hai01] and that the space of global sections of the Procesi bundle
over the punctual Hilbert scheme coincides with DHn.

1



1.2. Simple modules of rational Cherednik algebras. The number (n+ 1)n−1, resp. 1
n+1

(
2n
n

)
,

is a special case of a family of integers mn−1, resp. 1
m+n

(
m+n
n

)
, for m positive and coprime to n,

which enumerates various combinatorial objects such as rational parking functions, resp. rational
Dyck paths.

For n > 0, we let hn denote the (n− 1)-dimensional standard representation of Sn and D(hn) the
ring of differential operators on hn. Introduced in [EG02], the rational Cherednik algebra Hc(Sn, hn)
is a deformation of D(hn)⋊ Sn at a complex parameter c. It turns out that only when c = m/n
for coprime m,n does Hc(Sn, hn) have finite-dimensional representations. In that case, there is a
unique irreducible one [BEG03], which we denote by Lm/n. As shown in loc. cit., the dimension of

Lm/n, L
Sn

m/n, is m
n−1, resp. 1

m+n

(
m+n
n

)
.

1.3. The elliptic Hall algebra and a rational master formula. The Hall algebra of the
category of coherent sheaves on an elliptic curve has a geometric action on the direct sum of
C∗ × C∗-equivariant K-theory of Hilbn(C2) [FT11, SV13] over all n ≥ 0. For (m,n) as above,
there is a distinguished element Qm,n in the elliptic Hall algebra. On the other hand, localized at
equivariant parameters, Bridgeland-King-Reid equivalence [BKR01] implies an isomorphism⊕

n≥0
KC∗×C∗

(Hilbn)loc ∼= Λ,(2)

where Λ denotes the ring of symmetric functions over C(q, t). Therefore, the action of Qm,n on
1 ∈ Λ results in a symmetric function.

The main result of the paper is the following character formula, which proves [GN15, Conjecture
5.5] of Gorsky and Neguţ. Recall that there is a grading on Lm/n induced by the Euler element
hm/n in Hm/n, leading to a decomposition Lm/n =

⊕
ℓ∈Z Lm/n(ℓ). Moreover, we will define a Hodge

filtration F on Lm/n.

Theorem A. (= Theorem 4.6) For positive integer m coprime to n, the bigraded Frobenius character
of grFLm/n with respect to the hm/n and the filtration gradings (parametrized by q and t respectively)
satisfies

chSn×C∗×C∗(grF (Lm/n)⊗ sgn) = (Qm,n · 1)(z; q, q−1t).(3)

When m = n + 1, grF (L(n+1)/n) ⊗ sgn ∼= DHn (cf. [Gor03]) and Qn+1,n · 1 = ∇en. Hence (3)
generalizes (1). Our proof focuses on computing the left hand side of (3). The result is then matched
with the right hand side studied using shuffle algebra techniques in [Neg14], [Neg22], [BHM+23]
and many others.

1.4. Cuspidal D-modules and Hodge filtrations. For every integer pair (m,n) as above, there
is a D-module Nm/n on the Lie algebra sln supported on the nilpotent cone, known as the cuspidal
character D-module in the work of Lusztig [Lus86]. As shown by Calaque, Enriquez and Etingof
[CEE09], the simple module Ln/m of type Am−1 can be realized as the multiplicity space of (Cn)⊗m

in Nm/n as a SLn-module. The D-module Nm/n naturally has the structure of a Hodge module,
according to Saito’s theory [Sai90]. In this way, we define a Hodge filtration on Ln/m.

We may take minimal extension of the integrable connection to the Springer resolution, which
is across a simple normal crossing divisor. In particular, the Hodge filtration can be explicitly
described in terms of Deligne’s canonical lattice. Using Laumon’s formula on associated graded
of a direct image of a filtered D-module, we write the Hodge associated graded of Nm/n as the
pushforward of a DG module, supported on what we call a cuspidal DG commuting variety. This
description allows us to compute the left hand side of (3) with m and n flipped.

Such a computation of the Hodge associated graded of Nm/n closely resembles that of the Harish-
Chandra D-module in [Gin12], through which the Procesi bundle is realized as the pushforward of
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a DG algebra. In particular, we also obtain a coherent sheaf Fm/n on Hilbn, whose image under the

isomorphism (2) is qn−1Qm+n,n · 1.

1.5. Vanishing of higher cohomology. In contrast to Haiman’s approach, vanishing of higher
cohomology of Fm/n is not necessary for proving Theorem A. However, we do establish the following
result using the “quantization commutes with reduction” theorem of Halpern-Leistner [HL]. Let P∨
be the dual of the Procesi bundle and for 0 ≤ j ≤ n− 1, let P∨∧jh = HomSn(∧jh,P∨).

Theorem B. (=Theorem 6.4) For 0 ≤ j ≤ n− 1, H i(Hilbn,Fm/n ⊗ P∨∧jh) = 0 for all i > 0, and

there is a bigraded isomoprhism

H0(Hilbn,Fm/n ⊗ P∨∧jh) ∼= HomSn(∧jhn, grFLm/n).

Beyond ∧jh, we conjecture the following:

Conjecture 1.1. For i > 0, H i(Hilbn,Fm/n ⊗ P∨) = 0, and there is a bigraded C[h2n]⋊ Sn-module
isomorphism

H0(Hilbn,Fm/n ⊗ P∨) ∼= grFLm/n

When m ≫ 0, the vanishing of H>0(Hilbn,Fm/n ⊗ P∨) is automatic. Under this assumption,

we prove Conjecture 1.1 as Theorem 7.5 by showing the socle of grFLm/n as a C[h2]-module is

grF eLm/n.

1.6. Applications of Theorem A.

1.6.1. Khovanov-Rozansky homology of torus knots. To a braid γ one associates its Rouquier complex
of Soergel bimodules. Applying Hochschild homology termwise and then taking cohomology gives a
triply graded vector space, with gradings arising from the Hochschild cohomological degree, internal
degree and homological degree. After reduction and grading shifts depending on the braid, this
defines the reduced Khovanov-Rozansky homology HHH(γ) of the braid closure. We use the grading
conventions of [GORS14, Section 1.5], with the reduced unknot concentrated in degree (0, 0, 0).

For torus knot Tm,n, Gorsky, Oblomkov, Rasmussen and Shende proposed the following conjecture
and proved a bigraded version without the filtration.

Conjecture 1.2. ([GORS14, Conjecture 1.2]) For positive coprime integers m,n, set g = (m −
1)(n− 1)/2. There exists a filtration on Lm/n compatible with the filtration on Hm/n(Sn, hn) and the
hm/n-grading such that, for 0 ≤ i ≤ n− 1 and j, ℓ ∈ Z, there exists an isomorphism of vector spaces

HHH2g+2i, 2j, ℓ−j−g(Tm,n) ∼= HomSn

(
∧ih, grFℓ Lm/n(j)

)
.

Elias-Hogancamp and Mellit [EH19, Mel22] relate HHH(Tm,n) with the multiplicity of ∧•h on
the right hand side of (3). Thus, as a corollary of Theorem A, we have:

Theorem C. (= Theorem 4.8) Conjecture 1.2 holds with respect to the re-indexed Hodge filtration.

Moreover, Theorem B provides a coherent sheaf realization of HHH(Tm,n). It would be interesting
to compare our sheaf with the complex of coherent sheaves on Hilbn constructed in [OR18] using
matrix factorization.

1.6.2. Filtrations and compactified Jacobians. In [GORS14], the filtration in Conjecture 1.2 admits
several constructions. The coincidence of the inductive and algebraic filtrations has been shown in
[Ma26]. Here we show the Hodge filtration coincides with the a-filtration (cousin of the algebraic
filtration). As a corollary, using the shuffle theorem, we prove the main conjecture in [OY17] of
Oblomkov and Yun as Theorem 7.9, relating associated graded of cohomology of the compactified
Jacobian of the plane curve ym = xn with respect to the perverse filtration and associated graded of
LSn

m/n with respect to the a-filtration.
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2. Cherednik algebras and mirabolic D-modules

We work over C throughout. Fix an integer n ≥ 2. Let G denote GLn with Lie algebra g := gln
and G denote SLn with Lie algebra g = sln. Let T be the maximal torus in G with Lie algebra
h ⊂ g consisting of diagonal matrices. Take T = T ∩G and h = h ∩ g.

2.1. Rational Cherednik algebras. For any c ∈ C, the rational Cherednik algebra Hc := Hc(Sn, h)
is the C-algebra generated by h, h∗ and Sn subject to the following relations:

[x, x′] = [y, y′] = 0, wxw−1 = w(x), wyw−1 = w(y)

[y, x] = x(y)−
∑
s∈S

c⟨αs, y⟩⟨α∨s , x⟩s

where x, x′ ∈ h∗, y, y′ ∈ h, w ∈ Sn and ⟨−,−⟩ is the natural pairing between h and h∗. Here
S ⊂ Sn is the set of reflections, αs and α∨s are the root and coroot associated with s, normalized by
⟨αs, α

∨
s ⟩ = 2.

For an irreducible Sn-representation µ, we regard it as a S(h)⋊ Sn-representation by letting the
augmentation ideal S(h)+ act trivially and define the Verma module Mc(µ) = Hc ⊗S(h)⋊Sn

µ. The
Verma module Mc(µ) has a unique nonzero irreducible quotient Lc(µ).

2.2. Simple modules.

Theorem 2.1. ([BEG03, Theorem 1.2]) When c = m
n > 0 for m coprime to n, the unique irreducible

finite-dimensional representation of Hc is Lc := Lc(triv). Moreover, for n ≥ 2 the algebra Hc has
finite-dimensional representations only when c = m

n for a nonzero integer m coprime to n.

Let O(Hc) denote category O for rational Cherednik algebras, which is a full subcategory of
Hc−mod whose objects are finitely generated over Hc and such that the augmentation ideal S(h)+
acts locally nilpotently [GGOR03]. As µ runs over irreducible Sn-representations, the modules Lc(µ)
give a complete list of irreducible objects in O(Hc).

Let e := 1
n!

∑
w∈Sn

w be the symmetrizing idempotent in Hc. The spherical Cherednik algebra is
Ac := eHce. By [BE09, Corollary 4.2], for all c satisfying

c /∈ {a
b
∈ (−1, 0)|a, b ∈ Z, 2 ≤ b ≤ n}

there is a Morita equivalence Hc−mod→ Ac−mod, M 7→ eM. Let O(Ac) denote the category O of
the spherical Cherednik algebra.

For any smooth algebraic variety X, we denote the sheaf of differential operators on X by DX

and write D(X) := Γ(X,DX). Let R+ be the set of positive roots, put δ =
∏

α∈R+ α, and let
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hr = {δ ̸= 0} ⊂ h. The polynomial representation gives the Dunkl embedding

Ha ↪→ D(hr)⋊ Sn, y 7→ Dy,a := ∂y − a
∑
s∈S

⟨αs, y⟩
αs

(1− s).

After localization, (Ha)δ ∼= D(hr)⋊Sn. For each a ∈ C, let ϕa be the automorphism of this localized
algebra characterized by ϕa(x) = x, ϕa(Dy,a) = Dy,−a, ϕa(w) = sign(w)w. By [GGS09, Lemma 5.6
and Proposition 5.8],

ϕc+1(Ac) = δ−1A−c−1δ.(4)

Thus u 7→ δϕc+1(u)δ
−1 identifies Ac with A−c−1. We denote the induced equivalence by

Ωc : Ac−mod
∼−→ A−c−1−mod, Ω−1c = Ω−c−1.

2.3. Mirabolic D-modules. Let V = Cn on which G acts by left multiplication and put G = g×V .
Let τ : g→ D(G) denote the embedding induced by differentiating the diagonal action of G on G.
For any f ∈ O(G), an element g ∈ G acts by

(g · f)(x) = f(g−1 · x).(5)

In particular, writing EV =
∑n

i=1 vi∂vi for the Euler vector field on V , we have τ(1) = −EV .
For a constant d ∈ C, define the shifted embedding τd by

τd : g→ D(G), x→ τ(x)− d · tr(x).(6)

Thus τd(1) = −EV − nd. In Section 2.5.3 we will take d = −c.
Recall that every coherent DX -module M admits a good filtration in the sense that the associated

sheaf g̃r(M) on T ∗X is coherent. The support SS(M) of g̃r(M) in T ∗X is called the singular
support of M , which is independent of the choice of a good filtration.

Identify g ∼= g∗ via the trace form. Let N ⊂ g denote the nilpotent cone. Inside T ∗G ∼=
g×g×V ×V ∗, we have a Lagrangian subvariety Y := {(X,Y, i, j) ∈ g×N ×V ×V ∗|[X,Y ]+ij = 0}red.
The subscript red denotes the reduced structure here and below.

Definition 2.1. ([FG10, GG06]) A finitely generated DG-module M of regular singularities is called
mirabolic if SS(M) ⊂ Y.

Let C (G) denote the category of mirabolic D-modules.

2.4. Quantum Hamiltonian reduction. Fix a nonzero element vol ∈
∧n V ∗. Following [BFG06,

(5.3.2)], consider the regular function on G defined by:

s(x, v) = ⟨vol, v ∧ xv ∧ · · · ∧ xn−1v⟩.(7)

Take Gcyc := {(x, v) ∈ G|s(x, v) ̸= 0}, the locus where v is a cyclic vector for x, i.e. C[x]v = V .
By [BFG06, Lemma 5.3.3], the composition of the projection Gcyc → g and the Chevalley map

g→ g//G ∼= h/Sn is a principal G-bundle and the diagonal G-action on Gcyc is free along the fibers.
Therefore we have an algebra isomorphism

ι : C[Gcyc]
G ∼= C[h]Sn .

Our convention (5) gives g · s = det(g)−1s, hence τ(x)s = −tr(x)s. Consequently the multivalued
section s−d is annihilated by τd(g).

By [BG15, Proposition 2.1.2 and Remark 2.8.3], any mirabolic D-module is locally finite as a
τ(g)-module. In particular, its global sections decompose as Γ(M) =

⊕
a+Z∈C/Z Γ(M)a+Z, where

Γ(M)a+Z =
⊕
k∈Z
{v ∈ Γ(M) | (τ(1)− a− k)Nv = 0 for N ≫ 0}.
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Given d ∈ C, let Cd(G) be the full subcategory of C (G) consisting of modules M on which τ(1)
acts semisimply and such that

Γ(M) = Γ(M)nd+Z.

Theorem 2.2. ([GG06, Theorem 7.4.3], [GGS09, Theorem 8.1]) The radial part map

D(G)G → D(h/Sn), u 7→
[
C[h/Sn] ∋ f 7→ ι

(
sdu

(
s−dι−1(f)

))]
induces an isomorphism

Hd : (D(G)/D(G)τd(g))
G ∼= Ad−1.

Thus there is a quantum Hamiltonian reduction functor

Hd : Cd(G)→ O(Ad−1), M 7→ Γ(G,M)τd(g),

which is exact and the kernel is a Serre subcategory such that Cd(G)/Ker(Hd) ∼= O(Ad−1).

Remark 2.1. The shift by “−1” in the subscript of Ad−1 is consistent with the classical result of
Harish-Chandra: For u ∈ D(g)G, define Rad(u) to be the unique Sn-invariant differential operator
on the regular semisimple locus hr such that Rad(u)(f |hr) = (uf)|hr for every f ∈ C[g]G. Then the
map

D(g)G → D(h/Sn), u 7→
[
C[h/Sn] ∋ f 7→ δRad(u)

(
δ−1f

) ]
induces an isomorphism (D(g)/D(g)ad(g))G ∼= D(h)Sn .

2.5. Cuspidal D-modules.

2.5.1. Functors on D-modules. Let f : X → Y be a morphism of smooth algebraic varieties. We
write f†, f!, f

† to denote direct image, direct image with proper support and inverse image functors
of holonomic D-modules respectively, all valued in bounded derived categories of holonomic D-
modules [HTT08, Section 1.5]. In particular, let DX→Y and DY←X be the transfer D-modules
as defined in [HTT08, 1.3]. We then have f† := Rf∗(DY←X⊗L

DX
−), f! = DY ◦ f† ◦ DX and

f † = DX→Y ⊗L
f−1DY

f−1(−).
When f is a locally closed embedding, one defines the minimal extension functor f!∗ by f!∗M :=

im(H0(f!M) → H0(f†M)) in the abelian category of holonomic D-modules. For a locally closed

subset U
i−→ X, an integrable connection on U (i.e. an OU -coherent DU -module) is called clean if

its minimal extension coincides with the extensions using i† and i!.

2.5.2. Integrable connections. The zero fiber of the fibration Gcyc → h/Sn is

U := {(x, v) ∈ N × V |s(x, v) ̸= 0}.

The diagonal G-action on U is transitive and free, and π1(U) = Z. Since g · s = det(g)−1s, every
rank-one regular integrable connection on U with finite monodromy is generated by sa for some
a ∈ Q. We denote the corresponding integrable connection by Ea.

Let Nr ⊂ N denote the regular nilpotent orbit. Since π1(G) = 1, the fibration

StabG(x)→ G→ Nr

induced by the action of G at a regular nilpotent x gives

π1(Nr) ∼= π0(StabG(x)) = π0(Z(G)) = Z/nZ.

For b ∈ 1
nZ, define the rank-one integrable connection Eb on Nr whose monodromy is e2πib. Both

Ea and Eb are G-equivariant.
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The projection U → N has image inside Nr and the fibers of this projection are isomorphic to
F := Cn−1 × C∗. The fibration

F // U // Nr

induces an exact sequence

1→ (Z = π1(F))
n−→ (Z = π1(U))→ (π1(Nr) = Z/nZ)→ 1.

Thus, for a ∈ 1
nZ, the connection Ea is the pullback of Ea.

2.5.3. Cuspidal D-modules. Let c = m
n for a positive integer m coprime to n. Following [FG10,

Theorem 5.5] and [Lus86], we consider

Definition 2.2. • The cuspidal character Dg-module Nc is the minimal extension of Ec to g.

• The cuspidal mirabolic DG-module Nc of parameter c is the minimal extension of Ec to G.

Lemma 2.3. As G-equivariant DG-modules, Nc
∼= Nc ⊠OV . Moreover,

SS(Nc) = Cnil × V, for Cnil := {(x, y) ∈ N ×N |[x, y] = 0}red.(8)

Proof. Along each fiber of U → Nr, the function s restricts to the nth power of a coordinate along V .
Since nc = m ∈ Z, the connection Ec has trivial monodromy along the fiber. Its minimal extension
to Nr × V is therefore Ec ⊠OV . Taking minimal extension to G, we obtain the first statement.

By [Lus87, Theorem 5(b)], the Fourier transform of a cuspidal module has nilpotent support.
Since Nc is G-equivariant and has nilpotent singular support, we have SS(Nc) ⊂ Cnil. By [Bar01],
Cnil is irreducible of dimension dim g. Since Nc is nonzero, the inclusion SS(Nc) ⊂ Cnil has to be
an equality. □

2.6. Calaque-Enriquez-Etingof construction. Write Nc := Γ(g,Nc). Below we write H
(r)
a , A

(r)
a ,

and L
(r)
a for the type Ar−1 objects, Vn = Cn and write e(r) for the symmetrizing idempotent of Sr

when objects of different ranks appear at once.

Theorem 2.4 ([CEE09, Theorem 68]). There is a functor from D(sln)-modules to H
(m)
n/m-modules

that sends M to (M ⊗ (V ∗n )
⊗m)SLn such that

(Nm/n ⊗ (V ∗n )
⊗m)G ∼= L

(m)
n/m.(9)

In particular, the symmetric group Sm acts by permuting the tensor factors.

As a result, applying H−m/n to Nm/n, we obtain

H−m/n(Nm/n) ∼= (Nm/n ⊗ Symm(V ∗n ))
G ∼= e(m)L

(m)
n/m(10)

as vector spaces. The left side carries an A
(n)
−m/n−1-action. By Theorem 2.2, Hamiltonian reduction

sends a simple object to a simple object or zero. Applying Ω−1c and using the uniqueness of the
finite-dimensional simple module for c = m/n > 0 gives

Ω−1c ◦H−c(Nc) ∼= e(n)L(n)
c .

More generally, let hm be the reflection representation of Sm. For 0 ≤ i < m, Schur-Weyl duality
and the Koszul differential give

HomSm(∧ihm, (V ∗n )⊗m) ∼= ker
(
Symm−i(V ∗n )⊗ ∧i(V ∗n )→ Symm−i+1(V ∗n )⊗ ∧i−1(V ∗n )

)
.(11)

Consequently, we have an exact sequence

0→ HomSm(∧ihm,L
(m)
n/m)→ (Nm/n ⊗ Symm−i(V ∗n )⊗ ∧i(V ∗n ))SLn → (Nm/n ⊗ Symm−i+1(V ∗n )⊗ ∧i−1(V ∗n ))SLn .

(12)
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3. Hodge filtrations on cuspidal D-modules

3.1. Hodge modules. In Saito’s theory [Sai88, Sai90], a polarizable Hodge module on a smooth
algebraic variety X consists of a regular holonomic DX -moduleM , a good filtration F•M compatible
with the order filtration on DX called the Hodge filtration and a polarization, satisfying certain
compatibilities. We use the complex version in the sense of Sabbah and Schnell [SS24], in which the
Q-structure is omitted.

Let Z ⊂ X be an irreducible closed subvariety. A polarizable pure Hodge module on X with strict
support Z restricts, over a suitable smooth dense open subset U ⊂ Z, to a polarizable variation
of Hodge structure (VHS). Conversely, Saito’s structure theorem asserts that such a VHS extends
uniquely to a polarizable pure Hodge module on X with strict support Z. Here and below, “strict
support Z” means that the Hodge module has no nonzero subobject or quotient supported on a
proper closed subset of Z.

The integrable connection Ec on Nr has finite monodromy and hence admits a flat positive definite
Hermitian metric. We can therefore equip it with a polarizable complex VHS structure of type (0, 0)
such that the Hodge filtration is

FkEc =

{
0, k < 0,

Ec, k ≥ 0.

A uniform shift of the filtration would amount to a Tate twist. Saito’s structure theorem uniquely
determines the Hodge module structures on the minimal extensions Nc of weight dimN .

Our goal is to compute the associated graded of Nc with respect to the Hodge filtration. Fix a
Borel subgroup B ⊂ G whose Lie algebra b ⊂ g consists of upper triangular matrices. We will first
describe explicitly the filtration of the restriction to b. All the statements in this section can be
made analogously for Nc upon taking ⊠OV .

3.2. Deligne’s canonical lattice.

Theorem 3.1 ([Del70], [HTT08, Theorem 5.2.17]). Let D ⊂ X be a simple normal crossing divisor,
let j : U := X \D ↪→ X be the open embedding, and let E be a regular integrable connection on U
with quasi-unipotent local monodromy. There is a unique locally free OX-submodule E>−1 ⊂ j∗E
extending E, called Deligne’s canonical lattice, with the following properties:

(1) The connection preserves the lattice logarithmically: ∇(E>−1) ⊂ Ω1
X(logD)⊗ E>−1.

(2) The eigenvalues of the residue along every irreducible component of D lie in (−1, 0].

For rank one case, if the lattice is locally generated by a function f such that xi∂xif = αif , then
the connection can be expressed as d+

∑
i αi dxi/xi and the residue is αi.

Keep the setting of Theorem 3.1, and suppose in addition that E underlies a polarizable VHS with
Hodge filtration F•E . The unique polarizable pure Hodge module with strict support X extending
this VHS has underlying D-module j!∗E = DX · E>−1 ⊂ j∗E . By [Sai90, 3.b] (see also [Pop18]), the
canonical lattice is filtered by locally free OX -submodules such that FkE>−1 = E>−1 ∩ j∗FkE , and
the Hodge filtration on the minimal extension is Fk(j!∗E) =

∑
i FiDX · Fk−iE>−1.

3.3. Hodge filtrations restricted to b. Set n = [b, b] and nr = n ∩Nr. We use coordinates on
n× V of the form 

0 x1 ∗ ∗ ∗ ∗
0 0 x2 ∗ ∗ ∗

· · · xn−2 ∗
0 0 0 · · · 0 xn−1
0 0 0 · · · 0 0



v1
...
...
vn

 .(13)

The complement D := n \ nr is the simple normal crossing divisor defined by x1x2 · · ·xn−1 = 0.
8



Recall the DU -module Ec from Section 2.5.2. The restriction of sc from (7) to n × V is

xc1x
2c
2 · · ·x

(n−1)c
n−1 vncn . Set U0 := U ∩ (n×V ). Then as a cyclic DU0-module with generator sc|U0 , Ec|U0

can be identified as

Ec|U0
∼=

DU0

n−1∑
i=1

DU0(xi∂xi − ic) +DU0(vn∂vn − nc) +
∑

j>i+1

DU0∂xij +
∑
j<n

DU0∂vj

.

Similarly,

E◦c := Ec|nr ∼=
Dnr∑n−1

i=1 Dnr(xi∂xi − ic) +
∑

j>i+1Dnr∂xij

.

with

FkE◦c =

{
E◦c , k ≥ 0,

0, k < 0.

Write i0 : nr ↪→ n and set L◦c := (i0)!∗E◦c . For 1 ≤ i ≤ n − 1, the number ic = im/n is not an
integer by the coprime assumption. Thus the local monodromy of E◦c around every component
xi = 0 is nontrivial, and the extension is clean: L◦c

∼= (i0)†E◦c .
Put s0 :=

∏n−1
i=1 x

i
i and

⌈sc0⌉ := x
⌈c⌉
1 x

⌈2c⌉
2 · · ·x⌈(n−1)c⌉n−1 .

With respect to the generator ⌈sc0⌉−1sc0 of E◦c , the connection is

d+

n−1∑
i=1

(ic− ⌈ic⌉)dxi
xi
.

Consequently, the lattice On⌈sc0⌉−1sc0 is preserved logarithmically by the connection. Its residue
along xi = 0 is ic− ⌈ic⌉ ∈ (−1, 0). So it is Deligne’s canonical lattice with filtration

Fk(E◦c )>−1 =

{
On⌈sc0⌉−1sc0, k ≥ 0,

0, k < 0.

It follows that

FkL
◦
c =

∑
i

FiDn · Fk−i(E◦c )>−1 =

{
(FkDn) · ⌈sc0⌉−1sc0, k ≥ 0,

0, k < 0.
(14)

Let in : n ↪→ g be the closed embedding, and putDg←n := i∗nDg⊗Onωn/g. Set r := codimg n = dim b.
For the direct image of left D-modules, the filtration on the transfer module is:

FjDg←n := i∗nFj−rDg ⊗On ωn/g.

The direct image of (L◦c , F•) has underlying Dg-module

Lc := (in)†L
◦
c = in∗ (Dg←n ⊗Dn L

◦
c) .

with Hodge filtration

FkLc = im

(in)∗

∑
j

FjDg←n ⊗ Fk−jL
◦
c

→ (in)†L
◦
c

 .(15)

Equivalently, taking a trivialization of ωn/g and normal coordinates t1, . . . , tr, we have FkLc =∑
ν∈Nr Fk−r−|ν|L

◦
c ⊗ ∂νt .
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3.4. Associated graded of Lc. Recall the standard sl2-triple in g:

e =


0 1 · · · 0 0

· · ·
0 0 · · · 1 0
0 0 · · · 0 1
0 0 · · · 0 0

 , f =


0 0 · · · 0 0

n− 1 0 · · · 0 0
0 2(n− 2) · · · 0 0

· · ·
0 0 · · · n− 1 0

 , h = [e, f ].(16)

Define the Hessenberg space m := B · (f + stabg(e)); equivalently, m is the sum of b and the negative
simple-root spaces.

Remark 3.1. The affine space f + stabg(e) is the Kostant slice. The Whittaker reduction of G×B m
is the relative compactification of the universal centralizer for G/Z(G) [Bal23].

Using the coordinates (13) and
∗ ∗ · · · ∗ ∗ ∗
y1 ∗ · · · ∗ ∗ ∗
0 y2 · · · ∗ ∗ ∗

· · ·
0 0 · · · yn−2 ∗ ∗
0 0 · · · 0 yn−1 ∗

 ,(17)

define

Y0 :=
{
(x, y) ∈ n×m

∣∣ xiyi = 0 for 1 ≤ i ≤ n− 1
}
.(18)

Let iY0 : Y0 ↪→ T ∗g denote the resulting closed embedding.
Let O(b−)+ and S([n, n])+ denote the augmentation ideals. There is an identification

Γ(g,Lc) ∼=
D(g)

D(g) · O(b−)+ +

n−1∑
i=1

D(g)(xi∂xi − ic) +D(g) · S([n, n])+

.

Taking associated graded with respect to (14) and (15) gives g̃r(Lc) ∼= (iY0)∗OY0 . It remains to
identify the equivariant structure. Similar to (6), define

τ ′−c : g→ D(g), x 7→ τ ′(x) + c tr(x).

Let B ⊂ G be the upper-triangular Borel subgroup. Although Lc is only B-equivariant, its associated
graded carries a natural B-equivariant structure:

Lemma-Construction 3.1. The b-action on g̃r(Lc) induced by τ ′−c integrates to a B-action whose
restriction to B agrees with the original B-equivariant structure.

Proof. Let u be the cyclic generator corresponding to sc0 and a constant trivialization of ωn/g. Under
τ ′−c, u is annihilated by n and has integral weight λ = (0, . . . , 0,m)− 2ρ. Equip D(g)⊗Cλ with the

B-action given by conjugation and the character λ. The surjection

D(g)⊗ Cλ → Γ(g,Lc), P ⊗ 1 7→ Pu,

is b-equivariant. Since B is connected, its kernel is B-stable, so the action descends to Lc.
The generator ⌈sc0⌉−1u is a B-semi-invariant, and (14) and (15) give

FkLc = (Fk−rDg)⌈sc0⌉−1u.
Since conjugation preserves the order filtration, the action preserves F•Lc and descends to the
associated graded. Its restriction to B agrees with the original action because their differentials
agree and B is connected. □
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Define the weight

⌈µc⌉ :=
(
⌈c⌉, ⌈2c⌉ − ⌈c⌉, . . . , ⌈nc⌉ − ⌈(n− 1)c⌉

)
,

GiveOY0 the natural B-equivariant structure. For a character λ of T , let Cλ denote the corresponding

1-dimensional representation of B. Let ρ be the half sum of positive roots. Since ωn/g = det(g/n)

and g/n ∼= h⊕ n− as T -modules, the character of ωn/g is det(n−) = −2ρ.
For a C∗-equivariant sheaf F , or equivalently a grading F = ⊕k∈ZFk, let F⟨ℓ⟩ denote the shift

such that

(F⟨ℓ⟩)k = Fk−ℓ.(19)

Lemma 3.2. With the equivariant structure of Lemma-Construction 3.1 and Hodge filtration, there
is a B × C∗-equivariant isomorphism

g̃r(Lc) ∼= (iY0)∗OY0 ⊗ C⌈µc⌉−2ρ⟨dim b⟩.

where the C∗-equivariance comes from filtration grading.

Proof. We have already identified g̃r(Lc) with (iY0)∗OY0 after forgetting equivariance. Moreover,

the lowest degree is grr(Lc) = ωn/g ⊗ ⌈sc0⌉−1sc0. Under the action in (5), B-acts on ⌈sc0⌉−1 through

the quotient B ↠ T by the character(
⌈c⌉, ⌈2c⌉ − ⌈c⌉, . . . , ⌈(n− 1)c⌉ − ⌈(n− 2)c⌉,−⌈(n− 1)c⌉

)
.

On the other hand, the shifted action τ ′−c contributes the character (0, . . . , 0,m). The sum of these
two characters is ⌈µc⌉. Finally, ωn/g contributes the character −2ρ and the grading shift ⟨dim b⟩. □

3.5. Functors on equivariant Hodge modules. We recall some facts about equivariant Hodge
modules that will be used to express g̃r(Nc) in terms of g̃r(Lc). Let HM

G(X) denote the abelian
category of G-equivariant Hodge modules on X. Associated graded in this section is taken with
respect to Hodge filtrations.

Let X and Y be two smooth varieties with actions of an affine group G. Let f : X → Y be a
G-equivariant morphism. We have the cotangent correspondence

T ∗X
ρf←−− X ×Y T

∗Y
ϖf−−−→ T ∗Y(20)

where ρf is induced by the differential of f and ϖf is the natural projection, both G-equivariant.

3.5.1. Smooth inverse image.

Lemma 3.3 ([Sch, Theorem 30.1]). Suppose f : X → Y is smooth. For every M ∈ HMG(Y ), there
is an isomorphism of G-equivariant coherent sheaves on T ∗X

g̃r(f †M) ∼= (ρf )∗ϖ
∗
f g̃r(M).

3.5.2. Direct image. Suppose f is projective and take M ∈ HMG(X). Saito’s direct image theorem
[Sai90, Theorem 2.14] implies that the filtered direct image f†M is strict and that Rif†M is a Hodge
module on Y for every i. The equivariant structures on these direct images are supplied by [Ach,
Theorem 8.5].

Theorem 3.4. ([PS13, Theorem 2.4], [Lau83, Section 2.3.2]) Suppose f is projective. For every
M ∈ HMG(X), there is a isomorphism of G-equivariant coherent sheaves on T ∗Y

g̃r(Rif†M) ∼= Ri(ϖf )∗
(
ω̃X/Y ⊗ Lρ∗f g̃r(M)

)
.

Note that the C∗-grading of ω̃X/Y is dim(Y )− dim(X).
11



3.5.3. Induction. Let H ⊂ G be a closed subgroup and X a smooth H-variety. Let H act freely on
G×X by h · (g, x) = (gh−1, hx), and write G×H X for the quotient. Consider the natural maps

X
prX←−− G×X π−→ G×H X.

Equivariant descent gives the induction equivalence IndGH : HMH(X)
∼−→ HMG(G ×H X) [Ach,

Section 6], characterized by the isomorphism

π†IndGHL
∼= pr†X L(21)

in HMG×H(G×X).
Let µH : T ∗X → Lie(H)∗ be the moment map, with scheme-theoretic zero fiber µ−1H (0). Strong

equivariance implies that the infinitesimal action preserves the Hodge filtration, g̃r(L) is supported
on µ−1H (0) scheme-theoretically.

Let ι : G×µ−1H (0) ↪→ G×T ∗X be the natural inclusion. For (x, ξ) ∈ T ∗X such that µH(x, ξ) = 0,
the covector (dprX)∗(g,x)ξ annihilates the tangent space to the H-orbit through (g, x), hence lies

in the image of ρπ. Since ρπ is a closed embedding identifying its source with the annihilator of
ker(dπ), the composite ρprX ◦ ι factors through a closed embedding

s̃ : G× µ−1H (0) ↪→ (G×X)×G×HX T ∗(G×H X),

satisfying ρprX ◦ ι = ρπ ◦ s̃. Let s : G×H µ−1H (0)→ T ∗(G×H X) be the descent of s̃ modulo H.

Writing r : G×µ−1H (0)→ µ−1H (0) for projection, define coherent-sheaf induction by the equivariant

descent identity q∗indGHF ∼= r∗F .

Proposition 3.5. For L ∈ HMH(X), there is an isomorphism

g̃r(IndGHL)
∼= s∗ind

G
H g̃r(L)

in CohG×C
∗
(T ∗(G×H X)). Consequently, SS(IndGHL) ⊂ s(G×H µ−1H (0)).

Proof. Put M = IndGHL and regard F = g̃r(L) as a sheaf on µ−1H (0). Lemma 3.3 and (21) give

(ρπ)∗ϖ
∗
πg̃r(M) ∼= (ρprX )∗ϖ

∗
prX

g̃r(L).(22)

Here the last associated graded is viewed on T ∗X. Flat pullback along ϖprX identifies the right-hand
side with

(ρprX ◦ ι)∗r
∗F ∼= (ρπ)∗s̃∗q

∗indGHF .

Since ρπ is a closed embedding, its pushforward is fully faithful. Cancelling it and applying flat
base change gives

ϖ∗πg̃r(M) ∼= s̃∗q
∗indGHF ∼= ϖ∗π(s∗ind

G
HF ).

These natural isomorphisms are G×H × C∗-equivariant, so descent along the principal H-bundle
ϖπ proves the claim. □

3.6. Springer cuspidal D-modules. Let B denote the flag variety. Since every regular nilpotent
element x is contained in a unique Borel subalgebra, there are locally closed embeddings of Nr into
B × g ∼= G×B g such that the following diagram commutes:

Nr
� � //
q�

ĩ ##

g

G×B g

p

OO

Recall the integrable connection Ec from Section 2.5.2. Define Mc := (̃i)!∗Ec. By cleanness of Ec, we
have Mc

∼= (̃i)†Ec. Functoriality of direct image and cleanness give p†Mc
∼= Nc.

12



Lemma 3.6. As G-equivariant Hodge modules, IndGBLc
∼= Mc.

Proof. Consider the following commutative diagram, whose left and middle squares are Cartesian:

nr

i0,r

��

G× nr
p0oo π0 //

ir
��

G×B nr

ĩ
��

Nr

i

��
g G× gprg
oo

π
// G×B g p

// g.

On the regular orbit, equivariant descent gives π†0Ec ∼= p†0E◦c . Using smooth base change, we obtain

π†Mc
∼= π†(̃i)†Ec ∼= (ir)†π

†
0Ec

∼= (ir)†p
†
0E
◦
c
∼= pr†g(i0,r)†E◦c ∼= pr†g Lc. □

Recall that SS(Lc) = Y0. Using the coordinates from (13) and (17), if x ∈ n and y ∈ m, then
[x, y] ∈ b, and its diagonal entries are

x1y1, x2y2 − x1y1, . . . , xn−1yn−1 − xn−2yn−2, −xn−1yn−1.

It follows that [x, y] ∈ n is equivalent to xiyi = 0 for 1 ≤ i ≤ n− 1. Consequently, there is a closed
embedding

Y0 ↪→ g× n× g, (x, y) 7→ (x, [x, y], y).

Set Y := G×B Y0. It fits into the following Cartesian diagram,

Y0
//

��

g× n× g

��
G×B Y0

// G×B (g× n× g)
∼ // T ∗(G×B g).

(23)

Let iY : Y ↪→ T ∗(G×B g) be the resulting closed embedding.

For a weight λ, let Lλ := IndGBCλ = G ×B Cλ be the corresponding G-equivariant line bundle

on B, and let L̃λ be its pullback to T ∗(G ×B g). With this convention, we have ωB ∼= L2ρ. Give

(iY)∗OY its natural G-equivariant structure.
Using the shifted embedding τ ′−c, we integrate the g-action on g̃r(Mc), as in Lemma-Construction

3.1.

Corollary 3.7. With respect to the Hodge filtration, there is a G× C∗-equivariant isomorphism:

g̃r(Mc) ∼= L̃⌈µc⌉−2ρ ⊗ (iY)∗OY ⊗ C⟨dim b⟩,(24)

Proof. Proposition 3.5 and Lemma 3.6 give

g̃r(Mc) ∼= indGB g̃r(Lc).(25)

By Lemma 3.2, the restriction of the right hand side of (25) to the fiber over the standard Borel
is (iY0)∗OY0 ⊗ C⌈µc⌉−2ρ ⊗ C⟨dim b⟩. Descent therefore identifies the right hand side of (25) with

L̃⌈µc⌉−2ρ ⊗ (iY)∗OY ⊗ C⟨dim b⟩ as a G× C∗-equivariant sheaf.
It remains to check the extension from G- to G-equivariance. By construction, the g-action on

g̃rH(Mc) is obtained from τ ′−c. Its restriction to the fiber over the standard Borel is precisely the

B-action on g̃rH(Lc) used in Lemma 3.2. Hence the isomorphism (25) intertwines the center action
as well, and is therefore G-equivariant. □

13



3.7. Cuspidal DG modules. We now mimic [Gin12, Section 4] to compute g̃rH(Nc).
Put Xn,m := G×B (n×m), and define

qb : Xn,m → G×B b, (g, x, y) 7→ (g, [x, y]).

Recall the definition of Y0 from (18). Since the monomials x1y1, . . . , xn−1yn−1 form a regular
sequence, we have

Y ∼= Xn,m ×R
G×Bb (G×

B n).

On B, let b and n denote the vector bundles associated with the B-modules b and n. Their total
spaces are G×B b and G×B n. Let

ιb : B ↪→ G×B b, ιn : B ↪→ G×B n

be their zero sections, and let πb and πn be the projections to B. Then there is a quasi-isomorphism

(ιn)∗OB ≃ (∧•π∗nn∗, ∂n) ,(26)

where the differential is contraction with the tautological section. We place the structure sheaf in
cohomological degree zero and ∧k in degree −k.

Let qn : Y→ G×B n be the restriction of qb. Pull (26) back to Y and define A := Lq∗n(ιn)∗OB
and

A := Lq∗b(ιb)∗OB ≃
(
∧•π∗Xn,m

b∗, q∗b∂b

)
.(27)

At a point (g, x, y) ∈ Xn,m, the differential in (27) is contraction with [x, y] ∈ b; thus

∂(v1 ∧ · · · ∧ vk) =
k∑

i=1

(−1)i−1vi([x, y])v1 ∧ · · · ∧ v̂i ∧ · · · ∧ vk.

Both A and A are DG algebras, with multiplication induced by the wedge product.
In all, the aforementioned spaces can be combined into Figure (1) with all 4 squares being derived

Cartesian.

SpecY(A ) B

Y G×B n

Xn,m G×B b B × T ∗g

T ∗(G×B g)

j

qn

qb

ιn

πB×T∗g

Figure 1.

Below, πX denotes the projection of a variety X occurring above to B.

Definition 3.2. The cuspidal DG module of slope c is

Ac := A⊗ π∗Xn,m
L⌈µc⌉,(28)

Similarly, put Ac := A ⊗ π∗YL⌈µc⌉.
14



Projection formula plus base change implies that

Rj∗Ac ≃ Ac.(29)

3.8. Associated graded of Nc. Recall our notations for the cotangent correspondence (20) in the
case of p : G×B g→ g

T ∗(G×B g)
ρp←− B × T ∗g ϖp−−→ T ∗g.

Y
iY //

pY
((

T ∗(G×B g)

p̃

��

B × T ∗g
ρpoo

ϖp

uu
T ∗g.

(30)

In diagram (30), take pY to be the restriction of

a : Xn,m → T ∗g ≃ g× g, (g, x, y) 7→ (gx, gy),

to Y and the other arrows to be natural projections and closed embeddings.
In particular, pY = p̃ ◦ iY = a ◦ j.
Endow A with the natural G×C∗-equivariance as a derived subscheme of Xn,m with C∗ acting in

the m-direction. Recall the grading shift (19).

Theorem 3.8. With respect to Hodge filtrations, there is a G× C∗-equivariant isomorphism

g̃r(Nc) ∼= Ra∗Ac⟨n− 1⟩,(31)

In particular, Ra∗Ac is concentrated in cohomological degree zero.

Proof. Since p†Mc
∼= Nc, Theorem 3.4 supplies a G-equivariant isomorphism

g̃r(Nc) ∼= R(ϖp)∗
(
Lρ∗pg̃r(Mc)⊗ π∗B×T ∗gωB

)
.(32)

This isomorphism is G-equivariant as we use Lemma-Construction 3.1 for both sides. Moreover, the
relative canonical bundle carries C∗-grading −dimB, as specified in Theorem 3.4. Corollary 3.7
contributes a grading shift of dim b. Hence the overall grading shift is dim b− dimB = n− 1.

Now substituting Corollary 3.7 into (32) gives

g̃r(Nc) ∼= R(ϖp)∗

(
Lρ∗p

(
L̃⌈µc⌉−2ρ ⊗ (iY)∗OY

)
⊗ π∗B×T ∗gωB

)
⟨n− 1⟩.(33)

If X is smooth and iY : Y ↪→ X, iZ : Z ↪→ X are closed embeddings, then projection formula
gives

(iY )∗Li
∗
Y (iZ)∗OZ

∼= (iY )∗OY ⊗L
OX

(iZ)∗OZ
∼= (iZ)∗Li

∗
Z(iY )∗OY .(34)

Apply (34) to the case when X = T ∗(G×B g) with Y = B×T ∗g and Z = Y. Using the projection
formula and the cancellation L−2ρ ⊗ ωB ∼= OB, the right hand side of (33), forgetting the grading
shift, becomes

Rp̃∗R(ρp)∗

(
Lρ∗p

(
L̃⌈µc⌉−2ρ ⊗ (iY)∗OY

)
⊗ π∗B×T ∗gωB

)
∼=Rp̃∗

(
L̃⌈µc⌉ ⊗ (iY)∗OY ⊗L (ρp)∗OB×T ∗g

)
∼=Rp̃∗R(iY)∗Li∗Y

(
L̃⌈µc⌉ ⊗ (ρp)∗OB×T ∗g

)
∼=R(pY)∗Li∗Y

(
L̃⌈µc⌉ ⊗ (ρp)∗OB×T ∗g

)
.(35)
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Tracing through diagram 1 above and using the projection formula give

Li∗Y

(
L̃⌈µc⌉ ⊗ (ρp)∗OB×T ∗g

)
∼= Ac.

Thus (35) equals R(pY)∗Ac. Finally, pY = a ◦ j and (29) yield

R(pY)∗Ac
∼= Ra∗Rj∗Ac

∼= Ra∗Ac. □

4. Elliptic Hall algebras and bigraded characters

4.1. Bigradings. Put A = (C∗)2. On g× g we have the A-action

(u, v) · (x, y) = (u−1x, v−1y)(36)

so that the coordinates on the first and second factors have A-weights q and t, respectively.

We renormalize the Hodge filtration by F 0
j Nc := FH

j+n−1Nc and gr0Nc := grF
0
Nc. Theorem 3.8

identifies gr0Nc with RΓ(Ac) with the C∗t -equivariance. Further, the filtration F 0 on Nc induces

F 0
j L

(m)
n/m :=

(
F 0
j Nm/n ⊗ (V ∗)⊗m

)G
.

As for the C∗q-equivariance, let xj be an orthonormal basis of g and in D(g) consider

Hg :=
∑
j

xj∂xj +
dim g

2
.

First of all,
∑

j xj∂xj is the differential of the dilation action C∗× g→ g, (t, x) 7→ t−1x, under which
the integrable connection Ec is twisted equivariant. This action hence preserves the corresponding
weight-0 VHS and hence the Hodge filtration on its minimal extension. Therefore Hg acts on gr0Nc.
Each G-multiplicity space of Nc is a finite-dimensional sl2-module with Hg as the semisimple element
by [CEE09, Example 63]. Thus Hg defines a C∗-action on gr0(Nc) corresponding to the infinitesimal
action of the one-parameter subgroup {(u, u−1), u ∈ C∗} ⊂ A up to a shift.

On the other hand, inside H
(m)
n/m take

hc =
1
2

m−1∑
a=1

(xaya + yaxa).

Then by [CEE09], the isomorphism (9) intertwines the action of Hg and that of hn/m.

4.2. Polynomial characters. For every dominant weight µ = (µ1, . . . , µn), let SµV denote the
irreducible rational representation of GLn labeled by µ. Here we extend the Schur functor notation
by determinant twists. In particular, SµV is a polynomial representation precisely when µn ≥ 0.
Let χµ ∈ C[z±1 , . . . , z±n ]Sn be the character of SµV . Set(∑

µ

aµχµ

)
pol

:=
∑
µn≥0

aµsµ

where sµ denotes the Schur function labeled by µ.
For a finite-dimensional A-module E =

⊕
i,j Ei,j , put

chA(E) :=
∑
i,j

qitj dimEi,j .

For an A× Sm-module K, its bigraded Frobenius characteristic is

chSm×A(K) =
∑
λ⊢m

chAHomSm(Vλ,K) sλ,

16



where Vλ is the Specht module indexed by λ.

Lemma 4.1. With respect to the hn/m, resp. Hg, and filtration gradings,

chSm×A(gr
0L

(m)
n/m) =

(
chA×Ggr

0Nm/n

)
pol
.

Proof. Recall that V := Cn is the standard representation of GLn. By Theorem 2.4, L
(m)
n/m

∼=
(Nm/n ⊗ (V ∗)⊗m)SLn . With respect to Lemma-Construction 3.1, the center of GLn acts on Nm/n by
the character z 7→ zm. Thus setting Eµ = HomGLn(SµV,Nm/n), we have

Nm/n =
⊕

µ1≥···≥µn
µ1+···+µn=m

Eµ ⊗ SµV,

both as GLn-modules and SLn-modules.
Moreover, Schur-Weyl duality gives

(V ∗)⊗m =
⊕
λ⊢m

ℓ(λ)≤n

(SλV )∗ ⊗ Vλ,

as GLn × Sm-modules. Therefore,

L
(m)
n/m
∼= (Nm/n ⊗ (V ∗)⊗m)SLn ∼=

⊕
µ1≥···≥µn

µ⊢m

Eµ ⊗ Vµ.

Taking chSm×A of left and right hand sides, we obtain the lemma. □

4.3. Character of cuspidal DG modules. For f ∈ C(q, t)(z1, . . . , zr), define

Symr(f) =
∑
w∈Sr

w(f).

For an integer sequence b = (b1, . . . , bn), write z
b := zb11 · · · zbnn . Set

Γ(x) =
1− qtx

(1− qx)(1− tx)(1− x−1)
.(37)

Proposition 4.2. Put

Cc =

(
1− qt
1− t

)n−1
Symn

 z⌈µc⌉∏n−1
i=1 (1− tzi/zi+1)

∏
i<j

Γ(zj/zi)

 .

With respect to Hg and filtration gradings, there exists some integer a such that

chA×G(gr
0Nc) = qaCc(z, q, q

−1t).

Proof. Write ch := chA×G for simplification. By Theorem 3.8, it suffices to compute chRΓ(Ac). The
fiber over the fixed Borel b is the Koszul complex

K•c := C⌈µc⌉ ⊗ Sym(n∗ ⊕m∗)⊗ ∧•b∗.(38)

Since n is strictly upper triangular, the weights of its dual are zj/zi, for i < j. The Hessenberg

space m is the sum of b and the negative simple-root spaces. Thus the A× T weights of the three
factors are, respectively,

qn∗ : qzj/zi (i < j),

tm∗ : t (n− 1 copies), tzj/zi (i < j), tzi/zi+1 (i < n),

qtb∗ : qt (n− 1 copies), qtzj/zi (i < j).

17



For a representation E with weights w1, . . . , ws, the character of Sym(E) is
∏

a(1− wa)
−1, and the

alternating character of ∧•E is
∏

a(1− wa). Therefore the character of (38) is(
1− qt
1− t

)n−1 z⌈µc⌉∏
i<j(1− qtzj/zi)∏

i<j(1− qzj/zi)(1− tzj/zi)
∏n−1

i=1 (1− tzi/zi+1)
.(39)

For our upper-triangular Borel and the convention Lλ = G×B Cλ, we have

chRΓ(G/B,G×B K•c ) = Symn

(
chK•c∏

i<j(1− zi/zj)

)
.(40)

Indeed, additivity reduces the assertion to a one-dimensional weight. Borel-Weil-Bott and the Weyl
character formula give (40). Equivalently, the cotangent weights at the standard flag are zi/zj , for
i < j. Applying (40) to (39) proves the proposition. □

Following [Neg15a], let Xn,n := G ×B (n × n) with a commutator map to G ×B [n, n]. Let
i : B → G×B [n, n] be the zero section. Put

⌊µc⌋ :=
(
⌊c⌋, ⌊2c⌋ − ⌊c⌋, . . . , ⌊nc⌋ − ⌊(n− 1)c⌋

)
and take the DG module

A′c := OXn,n ⊗L
q−1O

G×B [n,n]
q−1Ri∗L⌊µc⌋.

Define

Hc := Symn

 z⌊µc⌋∏n−1
i=1 (1− qtzi+1/zi)

∏
i<j

Γ(zj/zi)

 .(41)

Then analogous to Proposition 4.2, we have chA×GRΓ(Xn,n,A′c) = Hc.

Proposition 4.3. [Neg22, (2.34) and (2.35)] For gcd(m,n) = 1, one has

Cc = qn−1Hc.

4.4. Polynomial representation of elliptic Hall algebra. Take the ring of symmetric functions
Λ over k := C(q, t).

We use the positive part E+ of the elliptic Hall algebra in the conventions of [BHM+23, Sections
3.2-3.5]. For each coprime pair (u, v) with u > 0, define the alphabet Xu,v = (xu,v1 , xu,v2 , . . . ). For
every such (u, v), the algebra E+ contains a copy of Λ(Xu,v) and is generated by them as an algebra.
For coprime u > 0, v ∈ Z, define

Qu,v := p1[−(1− q)(1− t)Xu,v] ∈ Λ(Xu,v),

where p1 =
∑
zi. Here and below [−] denotes the plethystic substitution.

For every η ∈ k(z1, . . . , zr), put

Hr(η) = Symr

η(z)∏
i<j

Γ(zi/zj)

 .

Note the difference with (41). This choice is compatible with Proposition 5.2 later. Take Ker(Hr)
inside k[z±11 , . . . , z±1r ]. Theorem 10.1 in [SV13] is an algebra isomorphism

ψ : S :=
⊕
r≥0

(k[z±11 , . . . , z±1r ]/ kerHr)
∼−→ E+, [za1 ] 7→ Q1,a,(42)
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The product on S is via concatenation: (f · g)(x1, . . . , xk+ℓ) = f(x1, . . . , xk)g(xk+1, . . . , xk+ℓ). In
particular, E+ is generated by {Q1,a|a ∈ Z} as an algebra. Here we use the reformulation in
[BHM+23, Proposition 3.5.1].

For a sequence b = (b1, . . . , bn), though the rational function ϕb(z) =
zb∏n−1

i=1 (1−qtzi/zi+1)
does not

lie inside k[z±1 , . . . , z
±
n ], but according to [BHM+23, Section 3.6], there exists a ηb ∈ k[z±1 , . . . , z±n ]

such that

Hn(ηb) = Hn(ϕb).(43)

Let w0 be the longest element in Sn. Since ⌈µc⌉ = w0⌊µc⌋, we have Hc = Hn(ϕ⌈µc⌉). Define
D⌈µc⌉ = ψ([η⌈µc⌉]).

By the proof of Theorem 3.1 in [SV13] (cf. [BHM+23, Propositions 3.3.4]), the algebra E+ acts
on Λ by the vertex formula

Q1,aF [X] = (−1)aCoeffua

(
F [X + (1− q)(1− t)/u]Ω[−uX]

)
, Ω[X] = exp

∑
j≥1

pj [X]

j

 .(44)

Here Coeffua denotes taking the coefficient of ua.

Proposition 4.4. We have an equality (Hc)pol = ω(Qn,m · 1).
Here ω is the involution of Λ sending sλ to sλt where λt denotes the transpose.

Proof. Proposition 3.6.1 of [BHM+23] states that D⌈µc⌉ = Qn,m. By [BHM+23, Corollary 3.7.2],
one has (Hc)pol = ω(D⌈µc⌉1). □

4.5. Bigraded characters.

Theorem 4.5. ([GLWX17, Theorem I.3]) For coprime positive integers m,n, one has

Qm,n1
∣∣
t=q−1 =

q−(m−1)(n−1)/2

[m]q
en[X[m]q], where [m]q := 1 + q + · · ·+ qm−1.(45)

Moreover, the highest q-degree of Qm,n1
∣∣
t=q−1 is (m− 1)(n− 1)/2.

Proof. (45) is [GLWX17, Theorem I.3]. For the second assertion, note that the q-degree of en[X[m]q]
is n(m− 1) while the q-degree of [m]q is m− 1. Altogether we have the q-degree of Qm,n1

∣∣
t=q−1 is

n(m− 1)− (m− 1)− (m− 1)(n− 1)/2 = (m− 1)(n− 1)/2. □

Theorem 4.6. With respect to hn/m and filtration gradings, we have

chSm×A(gr
0L

(m)
n/m) = ω(Qn,m · 1)(z; q, q−1t).

Proof. By Proposition 4.2, Proposition 4.3, identity Lemma 4.1 and Proposition 4.4, we have

chSm×A(gr
0L

(m)
n/m) = qaω(Qn,m · 1)(z; q, q−1t)

for some a ∈ Z. To check a = 0, it suffices to compare both sides when setting t = 1: the highest
q-degree of the right hand side upon specialization is (m− 1)(n− 1)/2 according to Theorem 4.5

which equals the highest hn/m-weight of L
(m)
n/m by [BEG03, Theorem 1.6]. □
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4.6. Khovanov-Rozansky link homology. Throughout this subsection, m,n > 0 are coprime
and g = (m− 1)(n− 1)/2. Let Tm,n be the (m,n) torus knot. Let PMel

m,n(a, q, t) denote its reduced
homology invariant under the conventions of [Mel22].

Theorem 4.7 ([Mel22, Corollary 3.5]). One has

PMel
m,n(a, q, t) =

(
a(qt)−1/2

)g n−1∑
i=0

(−a)i
(
Qm,n1, s(i+1,1n−i−1)

)
.

Let HHH(Tm,n) denote the reduced triply graded Khovanov-Rozansky homology of the (m,n)

torus knot with grading convention as in [GORS14, Section 1.5]. Write Lm/n = L
(n)
m/n, and let

Lm/n(j) denote its hm/n-eigenspace of weight j. Define the re-indexed Hodge filtration by

FℓLm/n :=
⊕
j∈Z

F 0
⌊(ℓ−j)/2⌋Lm/n(j).

Theorem 4.8. For 0 ≤ i ≤ n− 1 and j, ℓ ∈ Z, there exists an isomorphism of vector spaces

HHH2g+2i, 2j, ℓ−j−g(Tm,n) ∼= HomSn

(
∧ih, grFℓ Lm/n(j)

)
.

Moreover, F is preserved by hm/n and is compatible with the filtration on Hm/n in which h and h∗

have degree one and Sn has degree zero.

Proof. Set di,j,k := dimHomSn

(
∧ih, gr0kLm/n(j)

)
. By Theorem 4.6, with m,n interchanged,

chSn

(
gr0Lm/n

)
= ω(Qm,n1)(q, q

−1t).

The Frobenius characteristic of ∧ih is s(n−i,1i), and its image under ω is s(i+1,1n−i−1). Taking the
corresponding Schur coefficient and replacing t by qt gives(

Qm,n1, s(i+1,1n−i−1)

)
=
∑
j,k

di,j,kq
j+ktk.

Consequently,

Pm,n(α, q, t) :=
∑

αi
(
Qm,n1, s(i+1,1n−i−1)

)
=
∑
i,j,k

di,j,ka
iqj+ktk.

Use A,Q,H to record the three gradings in the conventions of [GORS14, Section 1.5]. Then the
convention comparison between [Mel22] and [GORS14] is that a = −A2, q = Q2, t = Q−2H2, and

(qt)1/2 = −H. Therefore Theorem 4.7 gives∑
α,β,γ

AαQβHγ dimHHHα,β,γ(Tm,n) = A2gH−gPm,n(A
2, Q2, Q−2H2).

Comparing coefficients yields

dimHHH2g+2i, 2j, 2k−g(Tm,n) = di,j,k.

By the definition of F ,

grFℓ Lm/n(j) ∼=

{
gr0(ℓ−j)/2Lm/n(j), ℓ− j ∈ 2Z,
0, ℓ− j /∈ 2Z.

Taking ℓ = j + 2k for an integer k gives the desired equality of dimensions. When ℓ− j is odd, both
sides vanish.

Finally, by the compatibility of F 0 with the order filtration, we have that, for x ∈ h∗ and y ∈ h,

xF 0
kLm/n(j) ⊆ F 0

kLm/n(j + 1), yF 0
kLm/n(j) ⊆ F 0

k+1Lm/n(j − 1).
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Hence

xFℓLm/n ⊆ Fℓ+1Lm/n, yFℓLm/n ⊆ Fℓ+1Lm/n.

The Sn-action preserves F . Since F is defined as a direct sum of subspaces of hm/n-eigenspaces, it
is also preserved by hm/n. □

5. Localization on Hilbert schemes of points

5.1. Hilbert scheme of points. Let Hilb
n
be the Hilbert scheme of ideals of colength n in C[x, y].

It is a smooth quasi-projective variety of dimension 2n. The Hilbert-Chow morphism

ξ : Hilb
n → Symn(C2) = (C2)n/Sn

sends an ideal to the cycle associated with its support, counted with multiplicities.

As (C2)n ∼= h
2
, we can take Hilbn := ξ−1(h2/Sn) . Translation by the center of mass gives an

isomorphism Hilb
n ∼= Hilbn × C2.

Set

H̃ilbn :=
{
(X,Y, v) ∈ g× g× V

∣∣ [X,Y ] = 0, C[X,Y ]v = V
}
red
.

The diagonal action of G on H̃ilbn is free, and the geometric quotient H̃ilbn/G is isomorphic to
Hilbn [Nak99], which inherits an A-action from (36). Let

H̃ilbn0 := (N ×N × V ) ∩ H̃ilbn.

This is an open subvariety of (8). Its quotient Hilbn0 := H̃ilbn0/G is the punctual Hilbert scheme,
namely the fiber of ξ over the cycle n(0, 0).

5.2. The BKR equivalence for Hilbn. The isospectral Hilbert scheme is the reduced fiber product

IHilbn :=
(
Hilbn ×h2/Sn

h2
)
red
.

IHilbn
β //

α

��

h2

��
Hilbn // h2/Sn.

In [Hai01], Haiman shows that α is finite and flat of degree n! . Consequently, P := α∗OIHilbn is an
Sn × A-equivariant vector bundle of rank n!, known as the Procesi bundle. Hence, as a result of
Bridgeland-King-Reid [BKR01], the functor

Φ : Db
ACoh(Hilb

n)
∼−−→ Db

Sn×ACoh(h
2),(46)

F 7→ Rβ∗Lα
∗F ∼= RΓ

(
Hilbn,P ⊗L F

)
.

is an equivalence.
We compose (46) with the bigraded Frobenius characteristic. Localized over C(q, t),

⊕
n≥0K

Sn×A(h2)
can be identified with Λ. Therefore, we have an isomorphism

κ :
⊕
n≥0

KA(Hilbn)loc
∼−−→ Λ,(47)

[F ] 7→ chSn×ARΓ
(
Hilbn,P ⊗L F

)
.
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5.3. Geometric realization of E+. Let

C := {(x, y) ∈ g2 | [x, y] = 0}red.

Similarly define the commuting variety C inside g2. Let

p : H̃ilbn → C, ϖ : H̃ilbn → Hilbn

be the maps of forgetting the cyclic vector and taking the quotient respectively.
The direct sum of K-group

⊕
r≥0K

GLr×A(Cr)loc carries the Hall convolution product ∗ defined
by parabolic induction [SV13, Sections 7.2-7.5]. Inside it, consider the subalgebra K generated
by {za[OC1

], a ∈ Z} where z is the GL1-equivariant parameter. Then [SV13, Theorem 7.14 and

Corollary 7.15] give an algebra isomorphism

C : E+,op ∼−→ K, C(Q1,a) = (1− q)(1− t)za[OC1
].

Let E be the full elliptic Hall algebra, generated by Qu,v = p1[−MXu,v] for coprime pairs
(u, v) ̸= (0, 0). Let α : E → Endk(Λ) be its polynomial representation, whose restriction to E+ is
defined by the vertex formula (44). We have an antihomomorphism of E restricted to

τ : E+,op → E , Q1,a 7→ Qa,1 for a ∈ Z.
Denote by ρ the action of K on Λ defined in [SV13, Proposition 7.9] given by convolution. Define

∇ to be the operator on Λ defined by ∇H̃λ = qn(λ
t)tn(λ)H̃λ, where n(λ) =

∑
i(i− 1)λi.

Proposition 5.1. For Q ∈ E+,
ρ(C(Q)) = ∇α(τ(Q))∇−1

Consequently, for coprime positive m,n,

ρ(C(Qn,m))1 = ∇(Qm,n1) = Qm+n,n1.

Proof. For the first equality, both sides are algebra homomorphisms from E+,op to Endk(Λ). Since
the elements Q1,a, a ∈ Z, generate E+,op, it suffices to compare their images.

Put θa = za[OC1
]. Let Vr be the rank-r tautological vector bundle on Hilb

r
whose fiber at an

ideal I is C[x, y]/I. Let Zr+1,r be the nested Hilbert scheme parametrizing ideals Ir+1 ⊂ Ir of

colengths r + 1 and r. Let p+ and p− be its projections to Hilb
r+1

and Hilb
r
, respectively. The

nested tautological line bundle L is defined by

0→ L → p∗+Vr+1 → p∗−Vr → 0.

Its fiber at (Ir+1, Ir) is Ir/Ir+1.

Proposition 7.11 in [SV13] shows that, for ξ ∈ KA(Hilb
r
)loc,

ρ(θa)(ξ) = R(p+)∗
(
[L⊗a]⊗L Lp∗−ξ

)
=: Ta(ξ).

Moreover, [SV13, Lemma 4.3 and Corollary 4.4] give

(1− q)(1− t)Ta = ∇a+1p•1∇−(a+1)

where p•1 denotes multiplication by p1. Indeed, (1−q)(1−t)T−1 = p•1, and increasing the tautological-
line exponent by one conjugates the operator by ∇.

On the other hand, by [BHM+23, Proposition 3.3.1 and Lemma 3.4.1],

α(Qa,1) = ∇ap•1∇−a.
Consequently,

ρ(C(Q1,a)) = (1− q)(1− t)ρ(θa) = (1− q)(1− t)Ta = ∇a+1p•1∇−(a+1) = ∇α(τ(Q1,a))∇−1.

The second statement follows from ∇−11 = 1 and ∇α(Qm,n)∇−1 = α(Qm+n,n). □
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Recall the isomorphism ψ from (42). Let H :=
⊕

r Hr.

Proposition 5.2. For η ∈ C(q, t)[z±1 , . . . , z±r ], we have chGLr×A(C(ψ([η]))) = H (η).

Proof. By linearity, it suffices to consider η = za11 · · · zarr . Recall that θai = zai [OC1
]. By the

definitions of ψ and C,

C(ψ([η])) = (1− q)r(1− t)rθar ∗ · · · ∗ θa1 .

Take G = GLr with B, b, T and n as before. Put Xb,b := G×B (b× b), with commutator map q

to G×B n, and i is the zero section. For a character ℓ of T , recall the line bundle Lℓ = G×B Cℓ

on G/B. By [SV13, Section 7.10 and Proposition 7.16(a)], θℓ1 ∗ · · · ∗ θℓr is represented by the
pushforward to Cr of

OXb,b
⊗L

q−1O
G×Bn

q−1Ri∗Lℓ(48)

where ℓ = (ℓ1, . . . , ℓr).
Similar computation as Proposition 4.2 gives

chGLr×A(θℓ1 ∗ · · · ∗ θℓr) = (1− q)−r(1− t)−rSymr

zℓ∏
i<j

Γ(zj/zi)

 .
Applying this formula with ℓi = ar+1−i yields

chGLr×A(C(ψ([η]))) = Symr

zar1 · · · za1r ∏
i<j

Γ(zj/zi)


= Symr

za11 · · · zarr ∏
i<j

Γ(zi/zj)

 = Hr(η),

where the second equality reverses the variables. □

5.4. K-theory of the cuspidal sheaf. By Lemma 2.3, g̃r0(Nc) is set-theoretically supported on
Cnil. Furthermore,

Proposition 5.3. The coherent sheaf g̃r0(Nc) is scheme-theoretically supported on Cnil. Moreover,
F 0
−1Nc = 0.

Proof. Take R = C[T ∗g] and M = g̃r0Nc. By Lemma 2.3, SuppR(M) = Cnil for Cnil = {(x, y) ∈
N ×N | [x, y] = 0}red. By [Bar01], Cnil is irreducible. Let p ⊂ R be the prime ideal defining Cnil.

Let i : Nr ↪→ gr be the closed embedding, and put N◦c = Nc|gr . Then N◦c = i†Ec. Write

Pk = tr(Xk) ∈ C[g]G for 2 ≤ k ≤ n. The functions P2, . . . , Pn are transverse coordinates for the
embedding i. Locally, F 0

j N
◦
c can be identified with∑

a2,...,an≥0, a2+···+an≤j
i∗
(
Ec ⊗ ωNr/gr

)
∂a2P2
· · · ∂anPn

.(49)

Consequently, g̃r0(N◦c) is locally free of positive rank on C◦nil = {(x, y) ∈ Nr ×N | [x, y] = 0}. In
particular,

AnnRp(Mp) = pRp.(50)

By [Sai88, Lemma 5.1.13], M is a Cohen-Macaulay R-module of dimension dim g. It therefore
has no embedded associated primes, and hence AssR(M) = {p}.
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Put I = AnnR(M). Since M is finite and faithful over R/I, choosing finitely many generators

gives an embedding R/I ↪→M⊕r. Therefore AssR(R/I) ⊂ AssR(M) = {p}. Since
√
I = p, it follows

that AssR(R/I) = {p}, so I is p-primary.
By (50), Ip = pRp. If I ≠ p, then p/I is a nonzero submodule of R/I, and hence AssR(p/I) = {p}.

On the other hand, (p/I)p = pRp/Ip = 0, a contradiction. Thus I = p.
For j < 0, the formula (49) implies that gr0jNc vanishes on gr. Therefore, the R-submodule

K = Rgr0jNc ⊂M is supported over N \Nr but also satisfies AssR(K) ⊂ AssR(M) = {p}. Thus
K has to be 0. Since F 0 is bounded below, we conclude that F 0

−1Nc = 0. □

Proposition 5.3 justifies the following definition.

Definition 5.1. We take Sc to be the non-derived restriction of gr0(Nc) to C and define

Fc := (ϖ∗p
∗Sc)G.

We give Sc and Fc the A-equivariance from the Koszul construction (38).

Recall that gr0(Nc) ∼= Ra∗Ac. In terms of Ra∗Ac, the definition of Fc makes sense for any integer
m. The support of Fc is Hilbn0 and it satisfies Fc ⊗O(k) ∼= Fc+k for any integer k. We have the
following characterization of its K-theory class.

Proposition 5.4. For c = m/n for an integer m coprime to n, we have

κ([Fc]) = qn−1(Qm+n,n1).

Proof. By Proposition 5.1, it suffices to show C(qn−1Qn,m) = [Sc], where we view [Sc] as a class in

K by extending by 0 from C to C.
Since Qn,m = D⌈µc⌉, the identity chGLr×A ◦C ◦ ψ = H from Proposition 5.2 applying to η⌈µc⌉ in

(43) gives

chGLn×A(C(Qn,m)) = Hc.

On the other hand, Proposition 4.2 and Proposition 4.3 gives

chGLn×A([Sc]) = Cc = qn−1Hc.

By injectivity of chGLn×A on localized equivariantK-theory [VV22, 2.5.1], the equality C(qn−1Qn,m) =
[Sc] follows. □

Next, we apply localization theorem to κ([Fc]) to obtain an explicit formula of Qm+n,n · 1.

5.5. Modified Macdonald polynomials and fixed points. For a partition λ ⊢ n, let λt denote
its transpose. The modified Macdonald polynomial H̃λ[Z; q, t] is uniquely characterized by

H̃λ[(1− q)Z; q, t] ∈ C(q, t)⟨sµ | µ ≥ λ⟩,

H̃λ[(1− t)Z; q, t] ∈ C(q, t)⟨sµ | µ ≥ λt⟩,

H̃λ[1; q, t] = 1.

Here [−] denotes plethystic substitution and ≥ is the dominance order on partitions.
On the other hand, the A-fixed points of Hilbn are the monomial ideals of colength n. They are

indexed by partitions λ ⊢ n. Denote the fixed point associated with λ by Iλ.

Proposition 5.5 ([Hai03, Theorem 4.1.5 and Proposition 5.4.1]). Under the isomorphism (47),
one has

κ([O{Iλ}]) = H̃λ[Z; q, t].
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a(u)a′(u)

ℓ(u)

ℓ′(u)

Figure 2. Arm, leg, coarm, and coleg of a box u.

5.6. The localization formula. For a box u in the Young diagram of a partition λ, let a(u) and
ℓ(u) denote its arm and leg, and let a′(u) and ℓ′(u) denote its coarm and coleg, as illustrated below.

For a finite-dimensional A-representation E, write

Λ(E) :=

dimE∑
k=0

(−1)kchA(∧kE).

Define gλ := Λ
(
T ∗IλHilb

n
)
. By [ESm88, Hai98], one has

gλ =
1

(1− q)(1− t)
∏
u∈λ

(
1− qa(u)+1t−ℓ(u)

)(
1− q−a(u)tℓ(u)+1

)
.(51)

Let iλ : {Iλ} ↪→ Hilbn be the inclusion. For every [F ] ∈ KA(Hilbn), equivariant localization gives

κ([F ]) =
∑
λ⊢n

H̃λ[Z; q, t]

gλ
chA

(
Li∗λF

)
.(52)

5.7. Principal nilpotent pairs. We recollect some results of [Gin00, Gin12], which are valid for
any semisimple Lie group G with Lie algebra g.

Write Cr for the locus of commuting pairs whose common centralizer has dimension rk g. The
subvariety Cr ⊂ C is smooth and open dense.

Definition 5.2. ([Gin00]) An element e = (x1, x2) in Cr is called a principal nilpotent pair if for
any (t1, t2) ∈ A, there exists some g ∈ G such that (t1x1, t2x2) = (Ad(g)x1,Ad(g)x2).

It is shown in [Gin00, Theorem 1.2] that for every principal nilpotent pair (e1, e2), there exists
an associated semisimple pair h = (h1, h2), unique up to conjugation by the unipotent radical of
the centralizer of e in G, such that h is regular , [h1, h2] = 0, and

[hi, ej ] = δijej , i, j = 1, 2.

The adjoint action of (h1, h2) decomposes g into weight spaces

g =
⊕

(a,b)∈Z2

ga,b, where ad(h1)x = ax, ad(h2)x = bx,∀x ∈ ga,b.

For every fixed principal nilpotent pair e with an associated semisimple pair h, let

ρ : A→ G/Z(G)(53)

be the 2-parameter subgroup with differential at the identity being C2 → g: (1, 0) 7→ h1, (0, 1) 7→ h2.
We define an A-action on g by Ad(ρ) and an A-action g× g by

(t1, t2)(x, y) = (t−11 Ad(ρ(t1, t2))x, t
−1
2 Ad(ρ(t1, t2))y)(54)

such that e is a fixed point under this action. The weight space (g ⊕ g)a,b under the action (54)
equals ga+1,b ⊕ ga,b+1.
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5.8. Principal nilpotent pairs for sln. The principal nilpotent pairs in sln, modulo simultaneous
conjugation and simultaneous matrix transposition, are parametrized by partitions λ ⊢ n [Gin00,
Theorem 5.6(b)] . These correspond to the fixed points {Iλ} of Hilbn under the GIT construction. To
see this, choose a basis vector of V = Cn for each box of the Young diagram of λ. The corresponding
pair eλ = (e1, e2) is defined by letting e1 move a box one step to the right and e2 move a box one
step up, with the convention that a vector is sent to zero when the required box is absent.

Definition 5.3. A bijective labeling of the boxes of λ by 1, . . . , n is called an almost standard Young
tableau if the labels increase from left to right along each row, and if, for two vertically adjacent
boxes, the upper label is larger than the lower label except that a box labeled a− 1 is allowed to lie
immediately above the box labeled a.

Thus a standard Young tableau is an almost standard Young tableau with no exceptional vertical
adjacency. We write ASYTλ and SYTλ for the sets of almost standard and standard Young
tableaux of shape λ, respectively. Almost standard tableaux appear in Neguţ’s study of eccentric
correspondences [Neg15b, Section 4.5]. The related eccentric flag commuting stack is also discussed
in [GN25, Section 2.3]. In the present setting, the ASYT condition records precisely which negative
simple-root directions are allowed in the Hessenberg space m.

Every tableau σ of shape λ determines a realization of an associated semisimple pair for eλ [BG13,
Section 4.4]. If the box labeled k, denoted by □k, has coordinates

a′(□k) = ak, ℓ
′(□k) = bk,

Assign the box labeled k to the (n− k + 1)-st coordinate vector and define

h1 = diag(an, . . . , a1)−
1

n

(
n∑

k=1

ak

)
In,

h2 = diag(bn, . . . , b1)−
1

n

(
n∑

k=1

bk

)
In.(55)

Then h1, h2 ∈ sln and [hi, ej ] = δijej . Moreover, (h1, h2) is regular. For example, if (e1, e2) = (e, 0)
in the notation of (16), formula (55) gives (h1, h2) = (12h, 0).

Fix eλ and the associated pair hλ = (h1, h2) above. Because hλ is regular, its common centralizer
is a Cartan subalgebra. The Borel subalgebras containing h1 and h2 are therefore indexed by Sn;
write them as bw, for w ∈ Sn. [BG13, Lemma 4.4.1] establishes a bijection{

bw | e1, e2 ∈ nw
} ∼←→ SYTλ.

Similarly, let nw and mw be the conjugates of n and m by w.

Lemma 5.6. There is a bijection{
bw | e1 ∈ nw, e2 ∈ mw

} ∼←→ ASYTλ.

Proof. As in the proof of [BG13, Lemma 4.4.1], a Borel containing h1, h2 is equivalent to an ordering
of their joint eigenlines, hence to a labeling of the boxes of λ. The condition e1 ∈ nw forces the
labels to increase to the right. Since mw is obtained from bw by adjoining the negative simple-root
spaces, the condition e2 ∈ mw forces the labels to increase upward, except that a vertical arrow
may lie in a negative simple-root space. Such a root joins two consecutive labels, giving precisely
the exceptional adjacency a− 1 above a. These conditions are exactly the definition of an almost
standard tableau. □
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5.9. Bigraded characters. The result in this section can be compared with a special case of
[Neg15a, Proposition 5.5].

For a tableau σ, define the weight of the box labeled by i to be χi = qa
′(□i)tℓ

′(□i). For a Laurent
polynomial F =

∑
aijq

itj , define

Ω(F ) =
∏
i,j

(1− qitj)aij , Ω0(F ) = Ω(F − [q0t0]F ).

Also write

ω(x) =
(1− x)(1− qtx)
(1− qx)(1− tx)

.

Proposition 5.7. For every m > 0 coprime to n, put c = m/n. We have that

qn−1Qm+n,n · 1 = κ([Fc]) =

(
1− qt
1− t

)n−1∑
λ⊢n

H̃λ

∑
σ∈ASYTλ

Ξσ
∏n

i=1 χ
⌈µc⌉(i)
n−i+1∏̂n−1

i=1 (1− tχi+1/χi)
.(56)

where

Ξσ :=
∏̂n

i=1
(1− χ−1i )−1

∏̂
i<j
ω(χi/χj).(57)

Here and below, a hatted product means omitting every linear factor 1− qatb with (a, b) = (0, 0), in
both numerator and denominator.

Proof. The first equality is Proposition 5.4. We show the second equality using localization formula.
Set Fc := (Ra∗Ac)|Cr . Write e := eλ with an embedding ie : {e} → Cr. By the definition of Fc, we
have an A-equivariant isomorphism

Li∗λFc
∼= Li∗eFc.

Here the action on the right is given by (54).
Write X := G ×B (n × m). Set U := {(x, y) ∈ g2 : dim z(x, y) ≤ rk g}. Then U ∩ C = Cr. Take

XU := X ×g2 U , which is smooth, being open in X. Under the A-action of (54), the fixed locus
decomposes as

XA
U =

⊔
w∈Sn

Xw,A
U , where Xw,A

U := {bw} ×
(
(nw ⊕mw) ∩ UA

)
.

The commutator map gives [nw,mw] = bw, but we will keep writing [nw,mw] to record the A-action.
On this target the action is (t1, t2) · z = t−11 t−12 Ad(ρ(t1, t2))z, so [nw,mw]

A = [nw,mw] ∩ g1,1. We
index the contributing w by ASYTλ using Lemma 5.6, and put iw,e : {(bw, e)} ↪→ XU . Define the
quotient

Rw := [nw,mw]/[nw,mw]
A.(58)

Parallel to [BG13, Proposition 3.8.6], one has

chA
(
Li∗eλFc

)
= Λ

(
Li∗eλT

∗
CA
r
Cr

) ∑
w∈ASYTλ

Λ
(
Li∗w,eT

∗
Xw,A

U

XU

)−1
Λ(R∗w)chA(C⌈µc⌉).(59)

We evaluate the terms in (59). For the line bundle, take the lift of (53) defined by:

ρ̃(t1, t2) = diag(tan1 tbn2 , . . . , t
a1
1 t

b1
2 ) ∈ GLn

which fixes the cyclic vector corresponding to the box (0, 0). Under the action of Ad(ρ̃(A)), we have

chA(C⌈µc⌉) =

n∏
i=1

χ
⌈µc⌉(i)
n−i+1 .
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Write e = eλ and z(e) := Stabg(e). By definition,

Λ(R∗w) = Λ
(
([nw,mw]/[nw,mw]

A)∗
)
.

Lemma 3.9.1 and Lemma 4.6.1 of [BG13], with bw replaced by the Hessenberg space mw in the
second identity, give

Λ
(
Li∗eT

∗
CA
r
Cr

)
= gλΛ ((g/(z(e)⊕ h))∗) ,

Λ
(
Li∗w,eT

∗
Xw,A

U

XU

)
= Λ(nw)Λ

((
nw ⊕mw

(g⊕ g)A ∩ (nw ⊕mw)

)∗)
,

where gλ is as in (51).
Let R and R+ be the sets of roots and positive roots determined by bw, and let S ⊂ R+ be the

simple roots. Set

Σ :=
∑

1≤i<j≤n
χiχ

−1
j , Σ :=

∑
1≤i<j≤n

χ−1i χj .

Then under our convention,

∑
α∈R+

qα(h1)tα(h2) = Σ,
∑
α∈S

qα(h1)tα(h2) =
n−1∑
i=1

χi+1χ
−1
i .

Furthermore,

chA(h
∗) = n− 1, chA(g

∗) = n− 1 + Σ + Σ, chA(z(e)
∗) =

n∑
i=1

χ−1i − 1.

Consequently, Λ ((g/(z(e)⊕ h))∗) = Ω(Σ + Σ)Ω0
(∑n

i=1 χ
−1
i

)−1
. Also,

chA(nw) = Σ, Λ(nw) = Ω(Σ).

The A-action of (54) yields

chA(n
∗
w ⊕ {0}) = qΣ,

chA({0} ⊕m∗w) = (n− 1)t+ tΣ+ t
n−1∑
i=1

χi+1χ
−1
i .

It follows that

Λ

((
nw ⊕mw

(g⊕ g)A ∩ (nw ⊕mw)

)∗)
= Ω0

(
(n− 1)t+ (q + t)Σ + t

n−1∑
i=1

χi+1χ
−1
i

)
.

Finally, chA([nw,mw]
∗) = (n− 1)qt+ qtΣ implies that

Λ(R∗w) = Ω0
(
(n− 1)qt+ qtΣ

)
.

Putting all pieces together, one obtains (56). □

5.10. Comparison with other DG modules.
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5.10.1. Catalan DG modules. Recall the DG module (41). We believe that the action map from
SpecXn,n

A′0 to g2 factors through a map a′ : SpecXn,n
A′0 → C. Under this assumption, define

F ′c := (Rϖ∗Lp
∗Ra′∗A′c)G. Then parallel to Propositions 5.4 and 5.7, one can compute

κ([F ′c]) = Qm+n,n · 1 =
∑
λ⊢n

H̃λ

∑
σ∈SYTλ

Ξσ
∏n

i=1 χ
⌊µc⌋(i)
n−i+1∏̂n−1

i=1

(
1− qt χi

χi+1

) .
There is expected to be a G×A-equivariant isomorphis in the derived category of coherent sheaves
on C:

q1−nSc ≃ Ra′∗A′c
A nonderived version of this conjecture appears in [GN25]. We note that it is not known a priori
that the pushforward of A′c to g2 is concentrated in a single cohomological degree. By contrast,
Ra∗Ac is concentrated in one degree because it is the associated graded of Nc.

5.10.2. The Procesi bundle. The diagonal actions of G on C and Sn on h2 give a Chevalley-type
isomorphism

C[C]G ∼= C[h2]Sn .

Let ICnorm be the normalization of
(
C×h2/Sn

h2
)
red

, let α : ICnorm → C be the projection, and set

R := α∗OICnorm . Recall the quotient map ϖ : H̃ilbn → Hilbn. According to [Gin12, Corollary 3.2.5],

(ϖ∗p
∗R)G ∼= P.(60)

Theorem 1.3.3 and 4.3.2 of loc. cit. realize R as a pushforward of OXb,b
⊗L

q−1O
G×Bn

q−1Ri∗OB, a
specialization of (48) at ℓ = 0 in the trace free setting, by taking Hodge associated graded of the
Harish-Chandra D-module. As a result, [BG13, Theorem 4.5.1 and Proposition 4.8.2] compute

chA
(
Li∗eλR

)
=

gλ
(1− q)n−1(1− t)n−1

∑
σ∈SYTλ

Ξσ.(61)

By (60), this is also the character of the Procesi fiber at Iλ and coincides with the Garsia-Haiman
formula derived from the Macdonald Pieri rule [GH98].

6. Vanishing of higher cohomology via window categories

The goal of this section is to prove Theorem 6.4. Throughout this section, all functors between
derived categories are derived unless otherwise specified.

6.1. KN stratification. We follow the definitions from [HL15]. Let G be reductive and fix a
G-equivariant embedding X ↪→ Pn × Am to define L := OX(1). Fix a positive-definite norm on the
space of real cocharacter invariant under the Weyl group action. For a one-parameter subgroup λ
and a connected component Z ⊂ Xλ, the associated attracting locus (blade) is

Yλ,Z :=
{
x ∈ X

∣∣∣ lim
t→0

λ(t) · x ∈ Z
}
.

Taking limit defines a contracting morphism π : Yλ,Z → Z.
Let Pλ ⊂ G be the parabolic subgroup consisting of those p ∈ G for which limt→0 λ(t)pλ(t)

−1

exists, and let Lλ = ZG(λ) be its Levi subgroup. If X is smooth along Z, then π is a Pλ-equivariant
locally trivial affine bundle. For a KN stratum S = G · Yλ,Z , one moreover has S ≃ G×Pλ Yλ,Z , and
the restriction to Z of the conormal bundle IS/I2S has strictly positive λ-weights.

The Kempf–Ness stratification is constructed inductively. At the i-th step one chooses, up to

G-conjugacy, a pair (λi, Z
∗
i ) maximizing µ(λ, Z) := −wtλ(L|Z)

∥λ∥ among pairs for which Z is not
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contained in the union of the previously constructed strata and for which µ(λ, Z) > 0. One then
removes from Z∗i the previously constructed strata, obtaining an open subset Zi ⊂ Z∗i , and sets

Yi := π−1i (Zi) to be the attracting locus and Si := G · Yi.
Thus X is obtained from its semistable locus by successively adjoining the unstable strata Si.

We write Li = ZG(λi) and Pi := Pλi
.

6.2. The non-commutative Hilbert scheme. Let G = GL(V ) act diagonally on X = g2 × V .
For the character det−1, semistability is precisely the condition that v generate V under x and y:

Xss = {(x, y, v) : C⟨x, y⟩v = V }.

The action on this cyclic locus is free, and Xss/G is smooth and irreducible. The equation [x, y] = 0
cuts out Hilbn inside Xss/G.

The unstable strata are indexed by the dimension i < n of the cyclic subspace. To describe
the stratum with index i, choose a decomposition V = V 0

i ⊕ V
−
i with dimV 0

i = i, and use the
one-parameter subgroup

λi(t) = diag(1V 0
i
, t−11V −

i
).

Its Levi subgroup is Li = GL(V 0
i )×GL(V −i ), and the corresponding parabolic is Pi = StabG(V

0
i ).

Write li = Lie(Li) and pi = Lie(Pi). The centers and blades are

Zi = {(x, y, v) ∈ (li ∩ g)2 × V 0
i : C⟨x, y⟩v = V 0

i },
Yi = {(x, y, v) ∈ (pi ∩ g)2 × V 0

i : C⟨x, y⟩v = V 0
i },

Si ∼= G×Pi Yi.

6.3. Derived Θ-stratification. We first recall the content of [HL, Definition 1.2.2 and Lemma
1.2.3]. Set Θ = [A1/Gm] with the scaling action. For a derived algebraic stack U , write

Filt(U) = Map(Θ,U), Grad(U) = Map(BGm,U).

Evaluation at 1 gives the forgetful map ev1 : Filt(U) → U . Restriction to [{0}/Gm] gives the
associated-graded map ev0 : Filt(U)→ Grad(U), and Θ→ BGm induces the split-filtration section
s : Grad(U)→ Filt(U).

Definition 6.1. Let X be a derived algebraic stack locally almost of finite presentation over C, with
affine diagonal. A derived Θ-stratum in an open substack U ⊂ X is an open and closed substack
S ⊂ Filt(U) for which j = ev1 |S is a closed immersion. Its center is Z := s−1(S), and the restriction
of s gives the split-filtration section ζ : Z → S.

A finite derived Θ-stratification consists of open substacks

X = U0 ⊃ U1 ⊃ · · · ⊃ UN = X ss

and for each 1 ≤ a ≤ N , a derived stratum satisfying

ja : Sa ↪→ Ua−1, Ua = Ua−1 \ ja(Sa).

6.4. Induced strata on the DG flag Hilbert scheme. For a quotient stack, given a one-
parameter subgroup, the quotient of the blade defines the filtration, and the quotient of the center
defines the associated graded. In the setting of interest, fix the upper triangular Borel B ⊂ G = GLn,
identify G/B = G/B, and set

Xn,m := G×B (n×m× V ).
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For 0 ≤ i < n, let Si,n−i be the minimal representatives of the quotient (Si × Sn−i)\Sn. Writing

Bσ := σBσ−1, the fixed point locus decomposes as

(G/B)λi =
⊔

σ∈Si,n−i

Li/(Li ∩Bσ).

For each E = n,m, b, put Eσ := AdσE. We have the zero and nonnegative λi-weight spaces:

E0
σ,i = Eσ ∩ li,

E+
σ,i = Eσ ∩ pi.

Taking the cyclic condition into account, for ϵ = 0,+, we define

W ϵ,◦
σ,i := {(x, y, v) ∈ nϵσ,i ×mϵ

σ,i × V 0
i : C⟨x, y⟩v = V 0

i },

H0
i,σ := Li ∩Bσ, H+

i,σ := Pi ∩Bσ.

Then the classical center and blade are

Xλi,◦
m,σ = Li ×H0

i,σ W 0,◦
σ,i ,

X+
m,i,σ = Pi ×H+

i,σ W+,◦
σ,i .

Recall the commutator map Xn,m → g̃ = G×B b, (g, x, y, v) 7→ (g, [x, y]). Define M = Xn,m ×R
g̃ B

and X = [M/G]. Being a derived zero fiber of the commutator map in a smooth scheme modulo
smooth affine groups, X satisfies the assumptions of Definition 6.1. The derived center and blade
are respectively

Mλi,◦
σ = Li ×H0

i,σ

(
W 0,◦

σ,i ×
R
b0σ,i
{0}
)
,

M+
i,σ = Pi ×H+

i,σ

(
W+,◦

σ,i ×
R
b+σ,i
{0}
)
.

Here the maps to bϵσ,i are the restricted commutator maps. Define

Zi,σ = [Mλi,◦
σ /Li], Si,σ = [M+

i,σ/Pi].

Lemma 6.1. Order the pairs (i, σ) such that (i, σ) < (j, τ) if i < j or i = j and σ < τ under the
Bruhat order. Choose a linear extension of this order , denoted again by <. Then the stacks Si,σ
with centers Zi,σ, form a derived Θ-stratification of X .

Proof. Let superscript cl denote the classical truncation of a derived stack. Denote the complement

of
(⋃

(j,τ)<(i,σ) Sj,τ
)
in X by Ui,σ. The condition dimC⟨x, y⟩v ≤ i is a closed condition. Moreover,

for a fixed rank i, the condition τ < σ is the Bruhat closure condition and hence is also closed.

Together, we have that
(⋃

(j,τ)<(i,σ) Sclj,τ
)
is closed in X cl. Similarly Scli,σ is closed in Ucl

i,σ. Moreover,

Ui,σ is locally almost of finite presentation and has affine automorphism groups as it is open inside
X of these properties. We proceed to verify the conditions of Definition 6.1 for Si,σ inside Ui,σ.

For a group H, let BH denote the classifying stack. We have the identification

X ∼= [(nσ ⊕mσ ⊕ V )/Bσ]×R
[bσ/Bσ ]

BBσ.

Write Filti,σ and Gradi,σ for the substacks consisting of maps associated to the one-parameter

subgroup λi and relative position σ in the direction of G/B. Applying Map(Θ,−) is compatible
with derived fiber products. Therefore computing termwise, we have that

Si,σ ∼= Filti,σ(Ui,σ), Zi,σ
∼= Gradi,σ(Ui,σ).

In particular, Si,σ is open and closed in Filt(Ui,σ).
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Let U ⊂M cl be the inverse image of Ucl
i,σ. Consider the closed incidence subscheme I ⊂ U×gr(i, V )

of tuples (b′, x, y, v, E) such that v ∈ E, x(E) ⊂ E, y(E) ⊂ E and that the relative position of E
and b′ is at most σ. By the definition of U , dimC[x, y]v ≥ i. Since C[x, y]v lies in in E of dimension
i, we have E = C[x, y]v and the relative position of E and b′ is exactly σ. Therefore we have

I ∼= G×Pi (M+
σ )cl.

The projection I → U is proper. It is also a monomorphism: over any base scheme, the sections
obtained by applying words in x, y of length at most n− 1 to v lie in E and span every fiber of E.
By Nakayama’s lemma, these sections generate E as a sheaf, so E is determined as their image in
the trivial bundle V . Thus I → U is a proper monomorphism, hence a closed immersion. Finally,
I → U is the base change of Scli,σ → Ucl

i,σ along U → Ucl
i,σ. Thus Scli,σ → Ucl

i,σ is a closed immersion
and so is Si,σ → Ui,σ. □

6.5. Quantization commutes with reduction. Write ζi,σ : Zi,σ → Si,σ and ji,σ : Si,σ → X
for the embeddings. The λi-action gives the weight decomposition on the center. Following [HL,
Lemma 1.5.3], let QC(Z)≥w, resp. QC(Z)<w be the derived category of quasi-coherent complexes
on Z of weight at least w, resp. less than w.

Proposition 6.2. Let F ,G be perfect complexes on X . Suppose that for each stratum there is an
integer wi,σ such that

ζ∗i,σj
∗
i,σF ∈ QC(Zi,σ)

≥wi,σ ,

ζ∗i,σj
!
i,σG ∈ QC(Zi,σ)

<wi,σ .

Then restriction induces an isomorphism

RHomX (F ,G )
∼−→ RHomX ss(F|X ss ,G |X ss).

Proof. Apply [HL, Proposition 2.1.3] successively in the order of Lemma 6.1, noting that Lemma
1.5.4 of loc. cit. reduces its weight conditions to the two conditions in the statement. □

6.6. Weight bound. To apply Proposition 6.2 to the DG module Ac, we must bound the weights.
Set Ki,σ := j!i,σOX . For the perfect complexes used below, the projection formula gives

j!i,σ(−) ≃ j∗i,σ(−)⊗Ki,σ.(62)

The ambient stack and strata are quasi-smooth. Thus [HL, Proposition 3.1.5 and Lemma 1.3.2] give

wtλi
(ζ∗i,σKi,σ) = −ηi,σ, where ηi,σ := wtλi

det
Z
(ζ∗i,σj

∗
i,σLX )>0.(63)

Here LX is the cotangent complex of X , >0 selects the positive weight spaces, and detZ is the
alternating tensor product of the determinants of the terms. Write Lλ,X for the pullback of Lλ from
B to X .

Lemma 6.3. Let c > 0. For 0 ≤ j ≤ n, 0 ≤ i < n, and σ ∈ Si,n−i,

ζ∗i,σj
!
i,σ

(
L⌈µc⌉,X ⊗ ∧

jV ∗
)
∈ QC

(
Zi,σ

)<0
.

Proof. From

X ≃
[
(n×m⊕ V )×R

b {0}
/
B
]

we obtain

[LX ] = [n∗σ] + [m∗σ] + [V ∗]− [b∗σ]− [b
∗
σ],

ηi,σ = dim(nσ)−1 + dim(mσ)−1 + (n− i)− 2 dim(bσ)−1.
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The extra central line in bσ has weight zero. Writing m = b⊕ u− gives

(nσ)−1 = (bσ)−1,

(mσ)−1 = (bσ)−1 ⊕ (u−,σ)−1.

Hence ηi,σ = (n− i) + dim(u−,σ)−1.
We now compute the weights of ζ∗i,σj

∗
i,σ(L⌈µc⌉,X ⊗ ∧jV ∗). A weight of ν = (νa) of ∧jV ∗ satisfies

νa ∈ {0,−1}n and
∑

a νa = −j. Any weight of ζ∗i,σj
∗
i,σ(L⌈µc⌉,X ⊗ ∧jV ∗) can be expressed by

⟨λi, σ(⌈µc⌉+ ν)⟩. Since c > 0, every ⌈ic⌉ − ⌈(i− 1)c⌉ is nonnegative, and the first entry is ⌈c⌉ ≥ 1.
The entries of λi are 0 and −1, so

⟨λi, σ(⌈µc⌉+ ν)⟩ ≤ n− i

If (u−,σ)−1 = 0, the first entry of σ−1λi must be −1, improving this bound to n − i − 1. Since
ηi,σ = (n− i) + dim(u−,σ)−1, we obtain

max
ν
⟨λi, σ(⌈µc⌉+ν)⟩ ≤ ηi,σ − 1.

The lemma now follows from (62) and (63). □

6.7. Vanishing of higher cohomology. The natural A-equivariant structures on gr(Lc) and Fc

differ by the change of variables (q, q−1t) and the shift q1−n, as we have seen in Theorem 4.6 versus
Proposition 5.4. To simplify notation, for the rest of the paper we write F0

c := q1−nFc and when we
say A-equivariant isomorphism we mean up to the change of variable (q, q−1t), which we denote by
⋍.

For any simple Sn-representation Vµ, write P∨µ := HomSn(Vµ,P∨).

Theorem 6.4. Let c = m/n > 0 with gcd(m,n) = 1. For 0 ≤ j ≤ n − 1, there is a bigraded
isomorphism after shifting geometric weights by q1−n and substituting (q, t) 7→ (q, q−1t) on the left

H i(Hilbn,F0
c ⊗ P∨∧jh) ⋍

{
0 when i > 0

HomSn(∧jhn, gr0Lc) when i = 0

Proof. Recall that

HomSn(∧jV,P∨) ∼= ∧jV∨.

where V is the rank-n tautological vector bundle on Hilbn. Moreover, V decomposes as O ⊕ V ′ and
P∨∧jh ∼= ∧

j(V ′)∨.
Let X ss be the semistable locus. For 0 ≤ j ≤ n, apply Proposition 6.2 to OX , L⌈µc⌉,X ⊗ ∧jV ∗,

and wi,σ = 0, as Lemma 6.3 supplies weight bound condition:

RΓ(X ,L⌈µc⌉,X ⊗ ∧
jV ∗)

∼−→ RΓ(X ss,L⌈µc⌉,X ⊗ ∧
jV ∗).(64)

Theorem 3.8 identifies the pushforward of L⌈µc⌉,X ⊠OV to X with gr0(Nc). Therefore (64) gives

RΓ(Xss, gr0(Nc)⊗ ∧jV ∗)G ∼= Γ(X, gr0(Nc)⊗ ∧jV ∗)G.(65)

using that X is affine and G is reductive. The left hand side of (65) is isomorphic to RΓ(Hilbn,Fc⊗
∧jV∨), by the scheme-theoretic support in Proposition 5.3. Consequently, H>0(Hilbn,Fc⊗∧jV∨) = 0
and

Γ(Hilbn,Fc ⊗ ∧jV∨) ∼= Γ(X, gr0(Nc)⊗ ∧jV ∗)G.
Contraction with τ gives a split short exact sequence

0→ P∨∧jh → ∧
jV∨ ιτ−→ P∨∧j−1h → 0.
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The bundle P∨∧jh is a direct summand of ∧jV∨, so H>0(Hilbn,Fc⊗P∨∧jh) = 0. Moreover, composing

ιτ with the inclusion P∨∧j−1h
→ ∧j−1V∨ gives that

Γ(Hilbn,F0
c ⊗ P∨∧jh) ∼=Ker

(
Γ(Hilbn,F0

c ⊗ ∧jV∨)→ Γ(Hilbn,F0
c ⊗ ∧j−1V∨)

)
⋍Ker

(
Γ(X, gr0(Nc)⊗ ∧jV ∗)G → Γ(X, gr0(Nc)⊗ ∧j−1V ∗)G

)
∼=HomSm

(
∧jhm, gr0L(m)

n/m

)
using (12).

Finally, [GORS14, Proposition 1.5] supplies a bigraded isomorphism

HomSm(∧jhm, graL
(m)
n/m) ∼= HomSn(∧jhn, graL

(n)
m/n).

Here gra is taken with respect to the filtration defined later in Section 7.1 and shown to coincide
with F 0 in Proposition 7.2, whose proof does not use anything in this section, so this forward
reference is not circular. □

7. Filtrations and full modules

In this section, we identify the Hodge filtration with the a-filtration, whose definition is more
explicit. This allows us to prove Conjecture 1.1 for c≫ 0.

7.1. The a-filtration. On the Cherednik algebra Hc, one has the Fourier transform

Fc(xi) = yi, Fc(yi) = −xi, Fc(w) = w,

which defines the Dunkl form on the polynomial representation C[h]:

(f, g)c :=
[
Fc(f)g

]
|xi=0.

For c = m/n > 0 with m,n coprime, the radical Ic of (−,−)c is nonzero, and C[h]/Ic ∼= Lc [DO03,
Proposition 2.34]. On Lc one has the induced Fourier transform Fc [Ma26, (11)]. For a nonzero
highest weight vector βc, it is given by Fc(ϕ) = Fc(ϕ)βc [Ma26, Lemma 3.3]. Let ⊥ denote orthogonal

complement for the Dunkl form. Take the ideal a := (C[h]Sn
+ ) ⊂ C[h].

Definition 7.1 ([GORS14, 4.2]). The a-filtration is F a
i Lc = Fc

(
(ai+1)⊥

)
for i ≥ 0 and 0 otherwise.

The powers of a are taken in Lc.

Alternatively, we have the following characterization.

Lemma 7.1. For i ≥ 0, F a
i Lc = {ϕ ∈ Lc | ai+1ϕ = 0}.

Proof. Define ⟨ϕ, ψ⟩Fr :=
(
ϕ,Fc(ψ)

)
c
. This form is nondegenerate and Frobenius. Indeed, adjointness

and yFc = Fcx give ⟨xϕ, ψ⟩Fr = ⟨ϕ, xψ⟩Fr. Since the x variables generate Lc as an algebra, this
proves the Frobenius property. Thus,{

ϕ ∈ Lc

∣∣ ai+1ϕ = 0
}
= (ai+1)⊥Fr = F

−1
c

(
(ai+1)⊥

)
.

Finally, the algebra automorphism F
2
c sends x to −x and y to −y. Since ai+1 is homogeneous,

(ai+1)⊥ is preserved by this involution. Hence

F
−1
c

(
(ai+1)⊥

)
= Fc

(
(ai+1)⊥

)
= F a

i Lc. □

Proposition 7.2. For every i ∈ Z, we have F 0
i Lc = F a

i Lc.
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Proof. We use Proposition 5.3. For k ≥ 1, write Pk = tr(Xk) ∈ C[g]G. By Proposition 5.3, since Pk

vanishes on Cnil, we have Pkgr
0Nm/n = 0, or equivalently PkF

0
j Nm/n ⊂ F 0

j−1Nm/n.

Now let S = ⟨P2, . . . , Pn⟩ and define a C[g]-linear map

λj : gr
0
jNc → S∗ ⊗ gr0j−1Nc, λj(u)(Pk) = Pku.

On gr, the relations [Pk, ∂Pℓ
] = −δkℓ give

Pk

(
∂a2P2
· · · ∂anPn

u
)
= −ak∂a2P2

· · · ∂ak−1Pk
· · · ∂anPn

u.

Thus λj |gr is the collection of contractions on Symj⟨∂P2 , . . . , ∂Pn⟩. Their common kernel is zero for
j > 0, and therefore

ker(λj)|gr = 0 (j > 0).(66)

We now extend this injectivity beyond the regular locus. Use R = C[T ∗g], M = gr0Nc and the
prime p defining Cnil, as in the proof of Proposition 5.3. Let Lj be the R-submodule of M generated
by Ker(λj). Then Lj is supported on π−1(N \Nr) for π : T ∗g→ g being the projection. If Lj ̸= 0,
then AssR(Lj) ⊂ AssR(M) = {p}, a contradiction , since the generic point of Cnil lies over Nr and
hence (Lj)p = 0. Therefore Lj = 0, and hence λj is injective:

n⋂
k=2

ker
(
Pk : gr0jNc → gr0j−1Nc

)
= 0 (j > 0).(67)

Passing to gr0L
(m)
n/m, let pk =

∑m
r=1 x

k
r ∈ C[hm]Sm for k ≥ 1. Under the identification in Theorem

2.4, (Nm/n ⊗ (V ∗)⊗m)G ∼= L
(m)
n/m, the action of Pk corresponds, up to a nonzero scalar, to the action

of pk. Tensoring (67) with (V ∗)⊗m preserves injectivity, and taking G-invariants is exact because G

is reductive. Hence pkF
0
j L

(m)
n/m ⊂ F

0
j−1L

(m)
n/m. As a result, every element of ai+1 sends F 0

i L
(m)
n/m into

F 0
−1L

(m)
n/m = 0. Moreover, (67) plus Newton’s identity implies

m⋂
k=2

ker
(
pk : gr0jL

(m)
n/m → gr0j−1L

(m)
n/m

)
= 0(68)

for all j > 0. As a result, for i ≥ 0 and ϕ ∈ F 0
i L

(m)
n/m \ F

0
i−1L

(m)
n/m, aiϕ ̸= 0. Altogether, we have

shown that F 0
i L

(m)
n/m equals {ϕ ∈ L

(m)
n/m, a

i+1ϕ = 0}, which equals F a
i L

(m)
n/m by Lemma 7.1. □

7.2. Shift functors. Put e− = 1
n!

∑
w∈Sn

sign(w)w. Define Bc,1 := Hc+1e−δHc. For every k ≥ 2,
define recursively Bc,k := Bc+k−1,1 ⊗Hc+k−1

Bc,k−1. Thus Bc,k is an (Hc+k,Hc)-bimodule, naturally
embeds inside the localization (Hc)δ and hence inherits the order filtration. By [GS05, Lemma
7.2], this sub-filtration coincides with the tensor-product filtration. Let Qc,k := eBc,ke, which is an
(Ac+k,Ac)- bimodule.

Lemma 7.3. With respect to tensor product filtrations on the left hand sides, we have filtered
isomorphisms for all k ≥ 1:

Bc,k ⊗Hc (Lc, F
a)
∼−→ (Lc+k, F

a),(69)

Qc,k ⊗Ac (eLc, F
a)
∼−→ (eLc+k, F

a).(70)

Proof. By [Ma26, Theorem 4.2], we have filtered isomorphisms: Bc,ke⊗Ac (eLc, F
a) ∼= (Lc+k, F

a).
This implies both filtered isomorphisms of the lemma. □
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7.3. Equivariant Proj construction. Consider the diagonal Sn action on h2. Set R0 = C[h2]Sn

and R1 be the ideal δC[h2]sgn. Take Rk := Rk
1 to be the product of ideals in R0 and

R :=
⊕
k≥0

Rk.

On Rk, we normalize the A-grading such that δk contributes bidegree (0, 0). In this way, by [Hai98,
Proposition 2.6], there is an A-equivariant isomorphism

Hilbn ∼= Proj(R),

such that A-equivariantly, detV ∼= O(1).
The algebra R is noetherian and generated by R1 over R0. The equivariant form of the classical

theorem of Serre gives an essentially surjective functor from finitely generated A-equivariant graded
R-modules to A-equivariant coherent sheaves on Hilbn: For a coherent sheaf F on Hilbn, set

Γ∗(F) :=
⊕
k≥0

Γ(Hilbn,F ⊗O(k)).

There is an A-equivariant isomorphism

Γ̃∗(F)
∼−→ F .

7.4. Simple modules and sheaves.

Corollary 7.4. Let c = m/n > 0 with (m,n) = 1. There is an A-equivariant graded R-module
isomorphism ⊕

k≥0
gra(eLc+k) ⋍

⊕
k≥0

Γ(Hilbn,F0
c+k).(71)

Proof. First of all, the isomorphism Fc(k) ∼= Fc+k, Theorem 6.4 with j = 0, and Proposition 7.2
give an A-equivariant graded R0-module isomorphism between two sides of (71). We continue to
compare the R-module structures.

Let r = c+ℓ for an integer ℓ ≥ 0. Write D = D(G). Then by [GGS09, Corollary 4.6, Theorem 5.3,
Proposition 5.8] and using (10), we have the vertical isomorphisms in (72) and the commutativity
of the diagram. The top isomorphism is (70) from Lemma 7.3. The lower arrow is given by
multiplication.

Ωr+k(Qr,k ⊗Ar eLr)
∼ //

∼
��

Ωr+k(eLr+k)

∼
��

(D/Dτ−r(g))
det−k

⊗A−r−1 (Nc ⊗ C[V ])τ−r(g) ∼ // (Nc ⊗ C[V ])τ−r−k(g)

(72)

By Theorem 6.4, we have gr0 (Nc ⊗ C[V ])τ−r(g) ∼= Γ(Hilbn,Fr). Moreover, by [GS05, Corollary
6.14(1)], we have an A-equivariant isomorphism

gr(Qr,k) ∼= gr (D/Dτ−r(g))
det−k

⋍ Rk.

Taking associated graded of (72) and precomposing with the surjection

grQr,k ⊗grAr gr
a(eLr) ↠ gr(Qr,k ⊗Ar eLr)
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gives the following commutative diagram:

Rk ⊗R0 gr
a(eLr) //

⋍
��

gra(eLr+k)

⋍
��

Rk ⊗R0 Γ(Hilb
n,F0

r ) // Γ(Hilbn,F0
r+k)

Hence the isomorphism respects R-actions. □

7.5. Full modules and Procesi bundle. Write α : IHilbn → Hilbn and β : IHilbn → h2 for the
two projections. Recall that Psgn = detV = O(1). By [Hai02, Proposition 5.5], the inverse BKR
functor is

Ψ(M) =
(
Rα∗Lβ

∗M
)sgn ⊗O(−1).

Theorem 7.5. Let c = m/n > 0 with (m,n) = 1. Suppose H i(Hilbn,F0
c ⊗P∨) = 0 for i > 0 (which

holds e.g, when c≫ 0). There is a bigraded C[h2]⋊ Sn-module isomorphism

graLc ⋍ Γ(Hilbn,F0
c ⊗ P∨).

Proof. Recall the Sn ×A-equivariant isomorphism

P∨ ∼= sgn⊗ P ⊗O(−1).

Together with F0
c ⊗O(−1) ∼= F0

c−1, this gives

F0
c ⊗ P∨ ∼= sgn⊗F0

c−1 ⊗ P.

We will construct a bigraded C[h2]⋊Sn-module homomorphism ϱ : sgn⊗graLc → Γ(Hilbn,P⊗F0
c−1)

and show its injectivity. The theorem will then follow from comparison of dimensions.
The truncation map Lβ∗(sgn⊗ graLc)→ β∗(sgn⊗ graLc) and the affineness of α give a map

Ψ(sgn⊗ graLc)→ (α∗β
∗(sgn⊗ graLc))

sgn ⊗O(−1).(73)

Write J0 = C[h2] and

J1 = J0δC[h2]sgn, Jk = Jk
1 ⊂ J0, J =

⊕
k≥0

Jk.

Give J the analogous A-equivariance as R. By [Hai01, Proposition 3.4.2], IHilbn = Proj(J), A-
equivariantly. As in Section 7.3, the functor (−)∼ takes finitely generated graded J-modules to
coherent sheaves on IHilbn. Taking Sn-invariants after pushing forward along α, the right hand side
of (73) is identified with ⊕

k≥0
(Jk ⊗J0 gr

aLc)
Sn

∼ ⊗O(−1),(74)

where the sheafification in (74) is taken over R.
Taking the associated graded of (69) and precomposing with the surjection from the tensor

product of associated graded gives a surjection

grBc,k ⊗gr(Hc) gr
a(Lc)→ gra(Lc+k)(75)

for every k ≥ 1. The identification egrBc,k
∼= Jk from [GS05, Proposition 6.5] gives(

grBc,k ⊗gr(Hc) gr
a(Lc)

)Sn ∼= (Jk ⊗J0 gr
a(Lc))

Sn .
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The maps (73) and (75) give

Ψ(sgn⊗ gra(Lc))→

⊕
k≥0

gra(eLc+k)

∼ ⊗O(−1) ⋍ F0
c ⊗O(−1) ∼= F0

c−1,(76)

using Corollary 7.4. Applying Φ, we obtain a bigraded J0 ⋊ Sn-module map

ϱ : sgn⊗ gra(Lc)→ RΓ
(
Hilbn,P ⊗ F0

c−1
)
.

By the hypothesis, the right hand side is concentrated in cohomological degree 0.
Next we show that the sgn part of ϱ is an isomorphism. Since Psgn ∼= O(1) and F0

c−1⊗O(1) ∼= F0
c ,

we obtain
ϱsgn : gra(eLc)→ Γ

(
Hilbn,F0

c

)
.

For a homogeneous v ∈ gra(eLc), multiplication by v defines an Sn-equivariant J0-module map
sgn ⊗ J0 → sgn ⊗ graLc of the same bidegree as v. Applying Ψ and composing with (76) gives a
map O(−1)→ F0

c−1. By naturality of truncation and sheafification, after tensoring with O(1) this
is the sheafification of the graded R-module map

R→
⊕
k≥0

gra(eLc+k).

Under Corollary 7.4, this sends 1 to the section corresponding to v. Hence ϱsgn is the degree-0
component of the isomorphism in Corollary 7.4, and is therefore an isomorphism.

By Proposition 7.6 below, the socle of sgn⊗ gra(Lc) as a J0-module is sgn⊗ gra(eLc). Since this
module is finite-dimensional and supported at the origin, every nonzero submodule intersects its
socle nontrivially. As ϱ is injective on the socle, Ker(ϱ) = 0.

Finally, Theorem 4.6 and Proposition 5.4 give equality of the dimensions. □

7.6. Socle of graLc. Let m ⊂ C[h2] be the maximal ideal at the origin. Among modules supported
at the origin, the only simple C[h2]-module is C[h2]/m, so

Socle(graLc) = {ϕ ∈ graLc : mϕ = 0}.

Proposition 7.6. Socle (graLc) = gra(eLc).

Proof. Suppose ξi is the image of yi in gr(Hc). We first compute
⋂

iKer(ξi). Below all powers and

operators are taken in Lc. Use the Frobenius pairing from Lemma 7.1, ⟨u, v⟩Fr = (u,Fc(v))c. The
adjointness relations for the Dunkl form give ⟨yu, v⟩Fr = −⟨u, yv⟩Fr. By Lemma 7.1, this pairing
induces an Sn-emodule isomorphism grakLc

∼= (ak/ak+1)∗. The Dunkl product rule gives h ·ak+1 ⊂ ak.
Thus, under this identification,⋂

i

Ker(ξi) ∩ grakLc
∼= Q∗k, where Qk := ak/(ak+1 + h · ak+1),

where h · ak+1 =
∑

i yia
k+1. We claim that Qk = QSn

k .

Let pi be the i-th power sum symmetric polynomial for i = 2, . . . , n. Every element of ak is a
sum of terms hpa1 · · · pak with h ∈ C[h]. We prove by downward induction on the exponent a of
p2 that for h nonconstant homogeneous and rs > 2 hpa2pr1 · · · prk−a

= 0 in Qk. It suffices to take
h = xh′ with x linear. Choose y ∈ h such that x = ∂yp2, and put g = pr1 · · · prk−a

. Since p2 and g
are invariant, product rule [Gor13, Corollary 5.3] gives

y(h′pa+1
2 g) = (yh′)pa+1

2 g + (a+ 1)hpa2g + h′pa+1
2 ∂yg.

The left hand side lies in h · ak+1, and the first term on the right lies in ak+1. The last term is∑
s

(h′∂yprs)p
a+1
2

∏
t̸=s

prt .
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For a = k this sum is empty. Otherwise each summand has k invariant factors, a+ 1 of them equal
to p2, and a coefficient of positive degree. Hence this term vanishes in Qk by induction. Since
a+1 ̸= 0, this proves the vanishing of hpa2g as desired. Consequently, Qk is spanned by products of k
invariant generators with constant coefficients, proving the claim. As a result,

⋂
iKer(ξi) ⊂ graeLc.

For the other direction, we need to show e(h · ak+1) ⊂ eak+1. For g = pa1 · · · pak+1
, by product

rule,

e
(
y(hg)

)
= e(yh)g +

∑
s

e(h∂ypas)
∏
t̸=s

pat .

Each coefficient e(h∂ypas) is an invariant polynomial with zero constant term, so every term belongs

to ak+1. Therefore Qk = e(ak/ak+1). Dualizing gives
⋂

iKer(ξi) = gra(eLc).
Let ui be the image of xi ∈ h∗ in gr(Hc). Since the ui commute with the ξi, we have ui

⋂
iKer(ξi) ⊂⋂

iKer(ξi). For v ∈
⋂

iKer(ξi), triviality of the Sn-action on
⋂

iKer(ξi) makes the map h∗ →⋂
iKer(ξi), ui 7→ uiv, Sn-equivariant. It is zero because HomSn(h

∗,C) = 0. Thus
⋂

iKer(ξi) =
Socle(graLc). □

7.7. Compactified Jacobians. We apply Theorem 4.6 and Proposition 7.2 to a conjecture in
[OY17]. Keep m,n as above and c = m/n. Let Jm,n be the compactified Jacobian with a fixed
degree of the compactification of the plane curve ym = xn that is smooth away from 0. Write P for
the perverse filtration on H∗(Jm,n). Here cohomology is taken with C-coefficients.

To state the connection with the Cherednik module, recall the isomorphism

eLc
∼= C[h]Sn/ISn

c ,(77)

which is the coordinate ring considered in [OY17, Section 1.1.6]. Take the maximal ideal m :=

C[h]Sn
+ /ISn

c and define a decreasing filtration on eLc by mr. Let eLc[j] denote the homogeneous
degree j subspace under the identification (77).

Conjecture 7.7. ([OY17, Conjecture 1.1.7]) For every i, j ∈ Z, there is a canonical isomorphism

grPj H
2i(Jm,n) ∼= grj−im eLc[j] compatible with the ring structures.

By [OY17, Theorem 1.1.8 and Corollary 1.1.9], Conjecture 7.7 is equivalent to the dimension
equalities

dimH2(g−i)(Jm,n) = dimgrimeLc(78)

for all i ∈ Z where g = (m− 1)(n− 1)/2.
The bridge between the two sides of (78) is the rational shuffle theorem. Let DPm/n be the set of

(m,n)-Dyck paths, and let area and dinv be the two standard combinatorial statistics on DPm/n,
with values in [0, d]; we refer to [Mel21] for the definitions.

Theorem 7.8 ([Mel21, Theorem 5.8]). For coprime positive integers m,n,(
Qm,n · 1, s(1n)

)
=

∑
∆∈DPm/n

qarea(∆)tdinv(∆).

Theorem 7.9. Conjecture 7.7 holds.

Proof. We verify the dimension criterion (78). Theorem 4.6, Proposition 7.2 and Theorem 7.8 give∑
j≥0

dimgraj(eLc)t
j = (Qm,n1, s(1n))

∣∣
q=1

=
∑

∆∈DPm/n

tdinv(∆).

Let P (t) =
∑

r dimHr(Jm,n)t
r be the Poincaré series of Jm,n. Take the Sn-invariant part in [Hik14,

Theorems 4.15 and 4.17], corresponding to the Grassmannian affine Springer fiber and hence to the
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compactified Jacobian of a fixed degree. We obtain

t2dP (t−1) =
∑

∆∈DPm/n

t2dinv(∆).

Hence dimH2(g−j)(Jm,n) = dimgraj(eLc). Therefore (78) holds. □
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[Neg15a] A. Neguţ, Moduli of flags of sheaves and their K-theory, Algebr. Geom. 2 (2015), no. 1, 19–43.
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