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ABSTRACT. For a pair of positive integers M, N with GCD d, we relate the bigraded Sy X Sg-
Frobenius characters of the homology of the positive part of a homogeneous affine Springer fiber for
GLx of slope M/N to a direct sum of the associated graded of minimal supported modules of type
An—1 rational Cherednik algebra at the same slope, and to the equivariant K-theory of a coherent
sheaf on the Hilbert scheme of points on the plane. For the first object, we use the Hessenberg
paving of Goresky-Kottwitz-Macpherson; for the second and third objects, we resort to an explicit
Hodge module on gl,. The bridge between them is a noncoprime shuffle theorem of Kim-Oh.

CONTENTS
1. Introduction 1
Part I. Constructible side )
2. Cyclic Hessenberg varieties )
3. Cyclic chromatic functions 12
4. Invariant sets and affine permutations 22
5. Homology of affine Springer Fibers 25
Part II. Coherent side 38
6. Cherednik algebras and character D-modules 38
7. Hodge associated graded of character D-modules 42
8. Elliptic Hall algebras and Hilbert schemes 44
9. The Sj-action and refined characters 47
References 54

1. INTRODUCTION

Fix positive integers M, N, put d = ged(M, N), and write M = dm, N = dn, and ¢ = M/N =
m/n. To (M, N) we associate the following objects, each of a completely different flavor:
(1) The bigraded Frobenius character of the Borel-Moore homology of the positive part of a
regular semisimple homogeneous affine Springer fiber for GLy of slope ¢ = M/N.
(2) The C* x C*-equivariant K-theory class of a coherent sheaf on the Hilbert scheme of points
on C? arising from a character D-module.
(3) The symmetric function lift of the Khovanov-Rozansky (KhR) link homology of the torus
link T N
(4) The bigraded Frobenius character of representations of the type Ay_; rational Cherednik
algebra Hj;/n of minimal support.

It was conjectured in [GORS14] in the coprime case that the four characters above are equal. This
was established for coprime M, N by the work of [H14, OY16, HM19, GMV20, CM18, M24]. In

addition, computations of (1) and (4) were carried out in the case M = kN is an integer multiple of
1
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N in [CM21] and [BL24], respectively, and (3) was computed in terms of combinatorics of invariant
sets in [W23] using recursive formulas for KhR knot homology in [HM19, GMV20]. Connections
were also drawn between (1) and (3) in [GGG26] in the setting of the A-conjecture. Moreover,
[GKO25] attaches to every affine Springer fiber at a semisimple element a quasi-coherent sheaf on
Hilb"(C x C*).

The object of this paper is to compute the invariants (1), (2), and (4) in the noncoprime setting.
In a companion paper, Donghyun Kim and Jaeseong Oh prove a version of the Shuffle Theorem for
the noncoprime case [KO26a, KO26b], which concludes the proof of the following:

Theorem 1.1. (Informal version of Theorem 9.7) Up to some normalizations, (1)-(4) above are
equal for all pairs of positive integers M, N.

For (1), this involves computing the Hessenberg paving of [GIKXMO6] in terms of the combinatorics
of invariant sets [W23, GM13, GMV20]. A byproduct of this calculation is a natural generalization
of the chromatic polynomial of a graph to cyclic partite graphs, and an affine paving for a family of
generalized Hessenberg varieties.

For (2) and (4), we generalize the methods of [M24] to the non-coprime setting. A new feature is
a Sg-action coming from a Springer action on the associated D-module. We compute the Frobenius
character of this action in terms of shuffle algebra generators by reducing to the trivial isotypic
components.

1.1. Generalized Hessenberg varieties and partite chromatic functions. To compute the
Borel-Moore homology of affine Springer fibers, we will use the Hessenberg paving of [GIKMO06]. A
key difference with the coprime case considered in [H14] is the presence of generalized Hessenberg
varieties.

Let n = N/d, m = M/d, and 0 < b < n the integer such that b =m mod n. Consider the action
of H = GLJ on the set of n-tuples of d x d matrices by

gy ={A=(A1,...,A4,) | 4 is a d x d matrix}, h-A= (hiAihbj:i)?:l,

where the index of h is taken modulo n. A generalized Hessenberg space m C g is a product
(m(l), e ,m(")), where each m( is a standard Hessenberg space in gl; determined by a d x d Dyck
path. For x € g, the cyclic Hessenberg variety H(z, m) is the subvariety of cosets h in the flag
variety of H such that A~ -2 € m.

When d = N, H(z,m) is a Hessenberg variety, which has been studied for regular z in many
works such as [SW12, T07, P13, BC18]. In particular, its cohomology or Borel-Moore homology
admits an action of the symmetric group, and when z is regular, semisimple, the Sy-Frobenius
character of the Hessenberg variety computes the chromatic polynomial of a corresponding unit
interval graph. By interpreting this action as the monodromy action of a family, Brosnan and Chow
show that this interpretation proves the unimodality of the coefficients of the chromatic polynomial
of such graphs [BC18].

The generalized Hessenberg varieties (x, m) fit into natural families which endow the cohomology
of H(x, m) with an Sz-action for regular, semisimple z. Following techniques of [BC18], we show the
Frobenius character of this action is determined by the Poincaré polynomials of H(z, m) for regular,
but not necessarily semisimple x, and following [T07], these Poincaré polynomials are computed in
terms of combinatorial functions by studying an affine paving of H(x, m) (see Propositions 2.10 and
Proposition 2.9).

In fact, we show that the Poincaré polynomial can be expressed in terms of natural generalizations
of the chromatic polynomial of the associated unit interval graph. We generalize the digraph
definition of the chromatic polynomial given in [BC18, §3.1] to the setting of cyclic n-partite graphs
(see §3). In particular, a generalized Hessenberg space produces a natural cyclic n-partite digraph
and we call the associated chromatic polynomial Z(Y,?).
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Theorem 1.2. ( = Theorem 5.29) For x € g, whose matriz representation (3) is regular, semisimple,
all odd degree cohomology of H(x,m) vanishes, and under the monodromy action,

ZtiFrobgd (H*(H(z,m))) = En(Y,1).

We show, using Theorem 1.2, that Z,(Y,t) is a symmetric function in Y, and that moreover, it is
palindromic in t.

1.2. Homogeneous affine Springer fibers and the Hessenberg paving. Let K = C((t)) be
the field of Laurent series with O C K the ring of power series in t. Let Fl, denote the Iwahori
affine Springer fiber at an element v € gl (K). The symmetric group Sy acts on the Borel-Moore
homology of Fl, through the Springer action.

An element v € gly(K) is called homogeneous of slope ¢ = M/N if s™™ .~(sVt) is conjugate to v
for all s € C*. For fixed M, N, it is known that all regular, semisimple homogeneous v € gl (K) of
slope ¢ = M/N have the same Borel-Moore homology [OY16]. In the case when M, N are coprime,
the Frobenius character of the Borel-Moore homology of the affine Springer fiber of slope ¢ = M /N
was computed in [H14] (in the setting of SLy). Computing this Borel-Moore homology explicitly in
terms of the combinatorics of [W23] is one of the main results of this paper.

We fix a regular semisimple homogeneous element +y of slope ¢ = M/N. It was shown in [GIKMO6]
that the affine Springer fiber FI, admits a paving by generalized Hessenberg varieties. We show
that the Hessenberg cells in F1, are indexed by dominant labeled (M, N) invariant sets (A, f) with
f injective. In character computations, we consider the positive part F lf; C Fly, which is the
closed subset of Hessenberg cells labeled by positive invariant sets A C Z~g. The area statistic
gives a filtration on HPM(F lj ) which we call the Hikita filtration whose filtered quotients are
finite dimensional. The Hikita filtration is conjecturally related to the perverse filtration up to an
involution and reindexing; see [[KT25, §8|.

We note that when d = ged(M, N) is greater than 1, the Borel-Moore homology carries an
additional structure: In [OY16], the authors show there is a family of regular semisimple homogeneous
affine Springer fibers of fixed slope whose monodromy gives an action of S; on HEZM (F l,). Hence, one
can compute the bi-graded Frobenius character Frobg, xs,H. BM (F l;“ ). Moreover, this is compatible
with the Sg-actions on the generalized Hessenberg varieties in the paving of F l;F . This was used by

Carlsson and Mellit to compute Frobg, x5y HZM (F lj ) in terms of the V-operator in the case when
M = kN is an integer multiple of N [CM21].
Our main result for affine Springer fibers is the following.

Theorem 1.3. (= Theorem 5.2/) Let v be a reqular, semisimple, slope c = M /N homogeneous ele-
ment in gl (K) and d = ged(M, N). The (q,t)-bigraded Sy x Sq Frobenius character of HfM(]-"lﬂy‘)
18

I odin = (Y’ t)
(1) Frobg, x5, (ngHfM(]:lj)) _ Z Z ¢ ea(A) gcodi V(A,f)AWLmM(X).
WEN (5.1) utr(aa.p)

In particular, if we pair (1) with ef[Y], then we recover wXL%gV(X,q,t_l), where Lﬁf}v(X,q,t) is
Wilson’s symmetric function lift of torus link homology (see §/.1).

1.3. Minimal support representations of the rational Cherednik algebra. For n > 0, we let
b, denote the (n — 1)-dimensional standard representation of S,, and D(b,,) the ring of differential
operators on h,. Introduced in [£G02], the rational Cherednik algebra H.(S,, b,,) is a deformation
of D(h,) x S, at a complex parameter c. [M24] considers the unique finite-dimensional simple
module Ly, ,, of Hy, /n(Sn, b,) when m > 0 is coprime to n. It is shown that the bigraded Frobenius
character of the associated graded of L,, , is given by the distinguished element @, ,, of the elliptic
Hall algebra acting on 1 in the polynomial representation. The computation is via the cuspidal



4 PABLO BOIXEDA ALVAREZ, THOMAS HAMEISTER, AND XINCHUN MA

Hodge module N, ,, on sl,,. The associated graded of N,, ,, naturally gives rise to a coherent sheaf
on the commuting variety and hence a coherent sheaf on the Hilbert scheme of points on the plane.

In the second part of the paper, we run the same machine to obtain parallel results in the
noncoprime case. For Hyy/n(Sn, hn) for ged(M, N) = d, the role of the finite-dimensional simple
modules is played by simple modules of minimal support, which are in bijection with partitions

of d. For 7 - d, let L{}y),

[EGL15], the graded character of L

the (m,n)-torus knot.
Let V; be the simple Sz-module associated to 7, and let 7t denote the transpose partition. Define

LM,N = @Vrt & LE\J}[/)N(TLT).
THd

By [CEE09], Ly n can be realized in terms of the multiplicity space of (CM)®N in the d-th
convolution power Ny s of the GL,,-enhancement of N,, ,,, and hence inherits the normalized
Hodge filtration F. On Ny s one has a Springer action from [BLM26], which descends to the
Sg-action on Ljs n. Expressing the associated graded of Ny, x in terms of the pushforward of a
DG module, we compute the left hand side of the following theorem, which is then matched with
the right hand side via shuffle algebra techniques of [N14], [N22a], [N22b], [BHMPS23], [GN25] and
others.

(n7) be the corresponding minimally supported module. As shown in

gj/}//)N (n7) encodes the 7-colored HOMFLY-PT polynomials of

Theorem 1.4. ( = Theorem 9.5) With respect to the Euler and filtration gradings,
(2)  chsyxsxaler Tan) (X, Yig,h) = ¢ V21— q) wx (hal(t = DX™"Y] 1), 0

We also obtain a coherent sheaf Fjs n on the Hilbert scheme of points on C? whose equivariant
K-theory class is represented by the right hand side of (2). We have the cohomology vanishing
property of the tensor product of Fjs ny with hook part of the dual Procesi bundle, and we propose
a vanishing conjecture for the full tensor product.

Remark 1.5. In [GKO25], a quasi-coherent sheaf on Hilb™(C x C*) is constructed for every affine
Grassmannian Springer sheaf at a semisimple element. Such a sheaf is conjectured to be coherent.
Their construction uses the Z-algebra construction of [GS05]. Corollary 7.4 of [M24] generalizes to
the noncoprime case and shows that our sheaf Fj; n coincides with the image of Li}’N under the
Gordon-Stafford functor. As a result, our coherent sheaf s n should coincide with the sheaf in
[GKO25].

1.4. A potential future generalization. A natural extension is to consider mixed slope affine
Springer fibers. Although there is no corresponding Cherednik algebra modules or character D-
modules, one can still take parabolic induction of coherent sheaves on commuting varieties of mixed
slopes. The relevant elliptic Hall algebra element is product of @, ,’s for different m,n. The
connection between the coherent sheaf and the elliptic Hall algebra element is automatic. However,
GKM theory does not provide a cell decomposition of such affine Springer fibers, and there is
currently no such shuflie theorem.

1.5. Organization of the paper. This paper is split into two primary parts: In part 1, we
compute the Borel-Moore homology of regular semisimple homogeneous affine Springer fibers, and
so prove Theorem 1.3. To do so, we first study the geometry of generalized Hessenberg spaces
by first producing an affine paving in §2.2 and then studying families of generalized Hessenberg
varieties in §3.2. In §4.1, we recall the combinatorics of labeled invariant sets and prove that Wilson’s
definitions [W23] differ from those appearing in this paper by the canonical involution on symmetric
functions. Finally in §5, we consider the Borel-Moore homology of affine Springer fibers by studying
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Goresky-Kottwitz-MacPherson’s Hessenberg paving in terms of the combinatorics of M, N-invariant
sets and the geometry of generalized Hessenberg spaces.

In part 2, we adapt the methods of [M24] to construct lifts of the minimal support representations
of the rational Cherednik algebra to character D-modules, whose associated graded defines our
sheaves Fjs ny on the Hilbert scheme. In §8 we compute the bigraded character of the associated
sheaves on the commuting variety and on the Hilbert scheme using methods similar to loc. cit.; in
particular, we also collect partial results on vanishing of higher cohomology of Fjs n. In §9, we study
the additional Sg-action and compute the joint character. The comparison with the constructible
side is stated in Theorem 9.7.

1.6. Acknowledgements. We thank Donghyun Kim and Jaeseong Oh for helpful discussions
and their proof of the shuffle theorem, Minh-Tam Trinh for inspiring discussions, Eugene Gorsky
and Nicolle Gonzalez for bringing [[XO26a] to our attention and Eugene Gorsky and Sean Griffin
for helpful communications. The third-named author was partially supported by the NSF grant
DMS-2503504.

ChatGPT was used to assist the proofs of Proposition 9.3 and Theorem 9.4 and audit numerous
drafts. Besides cosmetic editing, it corrected errors in the proof of Proposition 3.10 and statement
of Lemma 4.8, proposed an alternate proof strategy for Proposition 2.10, and fixed normalizations
throughout part 2, such as the factor ¢"/2 in Theorem 9.4, the factor ¢*~ in Theorem 9.7, etc.

Part I. Constructible side
2. CycLIiC HESSENBERG VARIETIES

We will introduce some generalized Hessenberg varieties which will appear in the description of
our affine Springer fibers using [GKMOG]. It is an interesting feature that the Hessenberg varieties
discussed here are natural generalizations of those arising from symmetric varieties.

2.1. Hessenbergs of finite order automorphisms. Let G be a reductive group with an algebraic
automorphism 6 of finite order n. We also denote by # the induced action on g. We have a

decomposition
0= (P o

E€pn
where p,, denotes the set of n-th roots of unity and g¢ is the eigenspace of the root of unity § in
g. Let H = GY be the fixed point subgroup of G. The adjoint action of H acts naturally on the
eigenspaces g¢. Fix a primitive n-th root of unity (. We will be interested in the following varieties
associated to the representation of H on ge.

Definition 2.1. Fix a maximal abelian Lie algebra a C g¢ and a Borel B C H. A vector subspace
m C g is called a (generalized) Hessenberg space if m is B stable and contains a.

Let = € g¢, and let m C g¢ be a Hessenberg space in g¢. The Hessenberg variety H(x, m) is the
subvariety of the flag variety H/B given by

H(z,m)={gc H/B|g ' zecm).

If P D B is a standard parabolic of H, then we denote Hp(x,m) for the image of H(x,m) in
H/P.

The varieties H(x,m) fall into the framework of generalized Hessenberg varieties arising in
[GKMO6], and when 6 is an algebraic involution, [C'VX20] studies this particular type of Hessenberg
variety for the example of the symmetric space SL,,/SO,,. While the authors believe the class of
Hessenbergs defined above are a natural family for further study, in this paper we restrict to the
special case below. We note that this case is simpler than that of [CVX20] as the automorphism 6
below is inner.
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Definition 2.2. Fix a primitive n-th root of unity ¢ € p,. From here on, throughout Part I, we
denote by G = GLy for N = nd and take

14

(I
0(g) =J tgJ forJ= I

Cn—lld

In this case, H = GL]] is the block diagonal Levi subgroup of GLy, which acts on the subspace
g§Cgf0r§:Cb.

Ag

n — b blocks

A, —

An—b+l

Ay

—_—
( 3) b blocks

We say that an element = € g¢ is regular if its centralizer Cy () in H is of minimal dimension.
We denote the set of all regular elements in g by gzeg . We will assume throughout that b is coprime
to n.

Lemma 2.3. An element x € g¢ is reqular with respect to the H action if and only if it is reqular

as an element of g (with respect to the action of G). That is, we have
g =gcNg

Proof. This follows from [V 76, Proposition 11]. O

reg

We will be specifically interested in elements x € g¢ which are regular and which have no 0
eigenvalue. The following says that, to treat such cases, it suffices to consider cases where x has
identical blocks.

Lemma 2.4. Ifx € g?g has all eigenvalues nonzero, then there exists an element of H which
conjugates x to an element of the form (3) with all A; = A for A being a d x d reqular matriz in
standard Jordan normal form with all eigenvalues nonzero and A™ reqular. Moreover, A is unique
up to reordering of Jordan blocks and multiplication of eigenvalues by n-th roots of unity.

In this case, we say that x is of type A+ d if the matriz A has Jordan type \ - d.

Proof. Consider z in the form (3). In particular, we label the blocks of x by A; according to the picture
(3). We write subscripts cyclically, so that A, 1; = A;. The characteristic polynomial of x, x,(¢) can
be computed in terms of the characteristic polynomial of the product Ay Api1Agpy1 -+ Ag_1)p4+1 by

X:Jc(ﬂ = XA1Ap 1 Aspy1 A 1)p41 (tn)
Since x is regular with no zero eigenvalues, we in particular have that A; is invertible for all 7, and in
particular, there exists an invertible matrix A such that A" = Ay Ap11Agpr1 -+ Agp_1)p+1- By conju-
gating by a block diagonal matrix g = (g1,...,9n_1,9n) € H, with g1 15 = A7 A1 A - Ay i—1
for all 0 < i < n, with indices understood modulo n, we may assume that x has A; = A for all
i. Then, diagonal conjugation (by elements g = (91,91, - ,91)) allows us to put A into Jordan
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form, unique up to reordering of factors and multiplying eigenvalues by n-th roots of unity. Note
that the characteristic polynomial of this matrix is y an»(¢"), so in particular, regularity of x implies
regularity of A™. g

We note that there is a perhaps more intuitive way of representing elements x € gzeg where
A; =1 for all ¢ > 1 and A; is in Jordan form. The advantage of our choice here is that this choice
will behave nicely in relation to the Bruhat decomposition of H, as we will see in §2.2.

Let ta denote the set of diagonal matrices

{diag(¢,0,---,0) | 0 diagonal in gl;} C Lie(H).

We fix a = cgg(tA) the centralizer of this diagonal torus in g¢. With respect to a and the standard
upper triangular Borel of H, a Hessenberg space m C g¢ is determined by a tuple of Hessenberg
functions m;; explicitly, m corresponds to an n-tuple of Hessenberg functions (m(l), - ,m(”)) ifm

O

consists of all matrices of the form (3) with A, having all entries (4, j) with ¢ > m;" equal to zero.

2.2. Affine paving of H(z,m). In this section, we construct an affine paving for elements x € g
in the standard form of Lemma 2.4 by intersecting with Bruhat cells for H. We find a classification
of which cells are nonempty (Proposition 2.7) and a formula for the dimension of nonempty cell
(Propositions 2.8 and 2.9).

Let B := By denote the standard upper triangular Borel in H = GLJ;. Let U C B denote the
unipotent radical of B, T' the diagonal maximal torus in H (and so also in G), and Wy the Weyl
group of H with respect to T. We fix representatives w € Ng(T') for w € W. We denote by &
the set of roots of G with respect to T, ®T the positive roots for a Borel of G extending B (i.e.
Bg N H = B), and X the set of simple roots in ®. We adopt similar notation for GL4 with respect
to the standard Borel, with associated sets of roots %5 C @; C ®4. For 1 <14,5 < N, we denote
by E;; € g the matrix with a 1 in the (4, j) entry and zeros elsewhere, and we write E,, ; = E; j
whenever «; ; = x; — x; is the corresponding root of GLy with respect to the standard diagonal
maximal torus.

Let Wy = S} denote the Weyl group of H. Recall the standard Bruhat decomposition

H/B= || BiB/B
weWpg
where each cell BwB/B is an affine space whose dimension is equal to the length ¢(w).
Definition 2.5. Fix z to be of the form in Lemma 2.4. For each w € Wy, we let H" (2, m) denote

the intersection
HY(x,m) = H(x,m)N BuwB/B

We note that, in what follows, it is important that z and B be chosen to be compatible, as we
have done here.

Lemma 2.6. Let x € g¢ be of the form described in Lemma 2./, where we express A in Jordan
normal form, with nonzero entries only on the diagonal and upper super-diagonal. Let 3, denote
the set of simple roots a1 in Lq such that A contains a nonzero entry in position (i,i+ 1), and
for any root a; j € ®q, let ®;; denote the set of all roots ay j» of G = GLn such that (7, j) = (i, )
mod d and Gay  C Geb- Then, we have

U.x=xz+U+YV,
where

u= P S owBa| Y =0y, V= P P

i Cxi7i+162x a€¢i7i+1 C!G@i,i+1 O‘i,je‘b;\za: C!G‘I)i,j
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Proof. For u = (up) € U, put B, = Uy, 1Aup+b. Each B, is upper triangular with the same diagonal
as A, and

(Bp)ii+r = Aiir1 + Aii(Uprv)iivt — Airrir1(up)iiv-
If ;i1 € Xy, then A;; = Aip1,41, SO summing over p gives Zp(Bp)i,iH = nA;iy1. Thus
U-xCx+U+V.

Both sides have dimension dim(U) — d 4 r, where 7 is the number of distinct Jordan factors in
A. Indeed, the stabilizer of z in U is isomorphic to Zy,(A"), of dimension d — r, while ¢/ + V has
codimension |¥;| = d — r in the space of strictly upper triangular block tuples.

By the Kostant—Rosenlicht theorem, U - z is closed. The inclusion above is therefore an equality,
since x + U + V is irreducible and both sides have the same dimension. ]

Proposition 2.7. A cell H" (z,m) is nonempty if and only if w - m contains the diagonal and for
all @ ip1 € Xy, there exists some j such that w-m contains Eiy a1t (b45)d-

Proof. By definition, H%¥(z, m) is nonempty if there exists v € U such that u=! -2 € w-m. By
Lemma 2.6, this is equivalent to the condition

(+U+V)Nw-m# 0.

In particular, as w - m and V are sums of root spaces and the roots in V are disjoint from the
nonzero entries of x, this is equivalent to x + U Nw - m # (). The set x + U has nonzero entries on
the diagonal entries of each block, and for any «; ;1 € X, the sum of terms in the roots spaces in
®; ;11 is nonzero. It is easy to see that this is nonempty if and only if w - m includes all diagonal
terms and for every o ;41 € X, there exists some o € ®; ;41 such that w - m is not zero in the root
space gq- ]

Proposition 2.8. Suppose that w satisfies the conditions of Proposition 2.7, which is to say
HY(x,m) is nonempty. Then H™(x,m) is smooth and
(4) dimHY(z,m) =dim (U/UNw-U) —dim (U - /U - x Nw - m)
Proof. We follow a very similar argument to [P13, Proposition 3.7]. Consider the set
Uz,w-m)={uecU|u' zcw- m}.
There is a surjective map
U(z,w-m) - HY(z,m), u— v

This morphism is surjective with fibers given by cosets of U Nw - U in U. In particular, it suffices
to show that U(z,w - m) is smooth and

dimU(z,w-m) =dimU —dim (U - z/U -z Nw - m)

We consider the action map
U—-U-z u—u'l-zx

This map is smooth of relative dimension dim Zy(z). We form the Cartesian diagram

UxpgeU-zNw-m)—=U-zNw-m

| |

U U-x

We note that by Lemma 2.6, the intersection U -  Nw - m is an affine translate of a linear subspace
of the vector space w - m, and so is smooth. Therefore, the fiber product is smooth of dimension
dim Zy(x) + dim(U - x N w - m). Furthermore, we can identify the fiber product with

Uxpe(U-zNw-m)=U(z,w- -m).
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Hence, we conclude that
dimU(z,w-m) = dim Zy(z) + dim(U -z Nw - m)
=dimU —dimU -z + dim(U - x Nw - m)
=dimU —dim (U - z/U - x Nw - m) O
The dimension formula of Proposition 2.8 is strongly reminiscent of [P 13, Corollary 5.5]. We now

give a more combinatorial description of this cell dimension similar in spirit to that of Tymoczko’s
cell dimension in type A [T07, Theorem 4.3] (see also [BC18, Theorems 33 and 35]).

Proposition 2.9. Ifx € gzeg has no zero eigenvalues and is of type X\ = d and if H* (z,m) is
nonempty, then dim H"(z,m) is computed in the following combinatorial way: First, consider

wl = (wit, - wyt) where w ! is an element of Sy considered as a function on {1,...,d}. Then,
the dimension of H" (x,m) is the number of triples (i,7,0) with i < j such that
1. 105 < 0)

where we consider the subscript £ 4+ b mod n.

Proof. We compute the dimension of cells using the description of Proposition 2.58. Let us denote

Ug = @ Gy (-1 pre—1ya & e
{=1,....,m
1<j

where we view subscripts mod N. By the description of U - x in Lemma 2.6, when H" (z, m) is
nonempty we have

dim (U - 2/U -z Nw-m) = dim(ue /ue Nw - m)
Likewise, dim(U/U Nw - U) = dim(u/uNw - u), so we can rewrite (4) as

dim(ug Nw - m) — dim(uNw - u)

Since u = @j_, @Kj 8(6—1)d4i,(¢—1)d+j» We can rewrite the above in terms of triples:
# {050 17 < w7 G) Smyn )= #4650 1<, w0 < w7 ()}
which returns (5). O

Proposition 2.10. For any w, the intersection H" (x,m) is an affine space whenever it is nonempty.
Therefore, H(x,m) = U, H" (z, m) forms an affine paving.

Proof. The proof of Proposition 2.10 will be analogous to the argument in [T07]. The strategy
will be to construct a family of affine space bundles interpolating between a point and the full
Hessenberg cell H,,(z, m) by adding conditions one row at a time. First, we need some auxiliary
notation (which will not be used elsewhere in the paper). We may assume throughout that H,,(z, m)
is nonempty.

Recall U C H denotes the standard unipotent subgroup of H and U~ its opposite. Put
Uw =UNw-U~. Recall that we have an identification BwB/B = U,wB/B, and that furthermore,
any element = € U,wB/B determines a unique element u € U, so that z = uwB/B.

For any v € U, we can write u = (uy,...,uy), where u; € GLg4 is a d x d upper triangular
unipotent matrix for all j. Let UZ? C U denote the subset of elements u such that, for all j, I; — Uj
only has nonzero entries in rows > ¢. Furthermore, for each ¢, we denote by pr;: gl; — Cld—it+1)
the projection of a d x d matrix to its rows 4,...,d, with pry,; = 0. We use the same notation for
the corresponding blockwise projection on ge. If z is in the normal form of Lemma 2.4, we put

7 = {u €U, NU

(pri(uglAup%))Z:l € pr;(w - m)} .
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That is, Z; imposes the condition u'zu € w - m for each d x d block in rows > i. In particular,
Zgi1 = {1} while Z; ~ H,(z,m).

We can decompose u = (uy, ..., u,) € U2 by u, = v,(1 + Ry), where v = (vy,...,v,) € UZ0HD)
and R, is strictly upper triangular, with nonzero entries only in row 4. It is easy to check that
RIQ, =0 and so u;l =(1- Rp)vgl. Put W, = v;lAvarb. Since W), is upper triangular and R, R,
are supported in row ¢ and columns > ¢, we have R,W,R,,;, = 0. We have

st Aty = Wy + WyRyy 4 — RyWp.

Therefore, in rows > (i + 1), u, ' Auyip and W, = v, ' Av,1, agree. Hence, we have shown that the
morphism u +— v defines a map
T . Zl — Z'i+1-

We wish to show that 7; is an affine space bundle. Fix an integer 1 < ¢ < d. Let R denote the
space of tuples (Ry, ..., R,) such that R, is strictly upper triangular, with all entries zero except
possibly those (i,7) with w,1(j) < w,*(i). We call triples (p,i,j) where R, is allowed a nonzero
(i,7) entry free. The projection

Upy NUZ = U, NUZEED s g

has fiber R at every point v € U,, N U0+,

On the other hand, we call a triple (p,i,j) constrained if the (i,j) entry of the p-th block is
required to vanish in w - m. The fiber of m; can be understood in terms of constrained triples: for
every constrained triple (p, i, ), we have a relation

(Wp)ij + Aii(Rpis)ij — (BpWp)ij = 0.
Let T be a vector space with basis indexed by all constrained triples (p,i,7) with j > i, and define
U: R — T, \If(Rl, ceey Rn) = (Ai,i(Rp+b)i7j — (Rpr)ivj)(p,i,j) eT.
¥ is a linear map, and the fiber of m; at v consists of solutions R € R to the system of equations

(6) U(R) = (~ (W)is) o

for Wy, = v, 1 Av,p as before. Here and below, the coordinates of 7 are indexed only by constrained
triples with 7 > ¢. The conditions with j <4 are automatic under our nonemptiness assumption, as
verified in part (1) of the following lemma.

Lemma 2.11. Let 1 <p <n and 1 <1,j,7 <d be integers. We consider p + b mod n.

1) If j < i and (p,i,j) is constrained, then the condition (u;'Au,.p);; = 0 is automatic. I
D p+0J1,3
(p,i,1) is constrained, then Z;, and hence H,,(x,m), are empty.
(2) Assume H(z,m) is nonempty. If (p,i,j) is constrained and j > i, then (p,i,j) and
(p+0b,i,j) are free.
(3) Assume H,(x, m) is nonempty. Suppose v € Z;11 and use it to define Wy, = v;lAva,. If
J>1, (p,i,]) is not free and (p,4,j") is constrained, then (Wp); ;i = 0.

Proof. The Hessenberg space m is determined by a tuple of Hessenberg functions (m(l), e ,m(")).
The triple (p,i,7) is constrained when mz(le ) < w, (i) and free when j > i and w, ' (j) < w, ! (i).
b

Suppose j < i. Since W), is a product oflelrpper triangular matrices, (W); ; = 0 and (R,Wp);; = 0.
Therefore, the corresponding entry condition reads 0 = 0 in this case. If we take j = 4, the
corresponding entry condition reads 0 = —A; ;, which contradicts our assumption that x, and hence
A, has no zero eigenvalue. Hence, we have proved (1).

For (2), since H,,(z, m) is nonempty, (p, ¥, £) is not constrained for all ¢, and so
()

105 < 1.
w, " (j) < mw;ib(j) < w, (1)
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and (p,i,7) is free. Similarly,
() 107y < (P
mwp_ib(j) <w, (i) < mw;ib(i)’

and so ngb(j) < w;_&b(i) since m(?) is a nondecreasing function. Hence, (p + b, i, j) is also free.
Finally, if (p,i,7) is not free, i < j, and (p,,j’) is constrained, then we have

(p)

w L ()

so that (p, j, ') is constrained. Therefore, since j > i, the condition from the definition of v € Z;;

implies that (W)}); ;s = 0, proving (3). O

w;l(j) > w;l(i) >m

We claim now that the map W is surjective. Let £ € T* be a linear functional for which £ o ¥ = 0.
We will show that £ = 0. We view £ as a tuple £ = (&1,...,&,), where &, is a d dimensional column
vector supported in rows j with j > ¢ such that (p, 1, j) is constrained. We have

(o V(R) = Z (Ai,iRp+b§p . Rprfp) = Z Ry (Aii&p—b — Wpkp)-
P p
So, £ o W(R) = 0 if and only if A; ;&,-p[j] = (Wp&p)[j] for all p and j such that (p,1, ) is free.

If (p,i,7) is not free and j > 4, then by Lemma 2.11(2), (p—b,1,j) and (p, i, j) are not constrained.
Therefore, &,_3[j] = 0. On the other hand,

(Wp&p)li] = Z(Wp)jvj’fp [j/]

y/

J

where when &,[5'] # 0, (p,4,7’) is constrained so since (p, i, j) is not free, (W});;» = 0 by Lemma
2.11(3). Therefore, (Wp&p)[j] = 0 as well. We conclude that A;;&,—s[j] = (Wp&p)[j] for all p and all
j > 1, regardless of whether (p,i,j) is free.

We will denote by an overline the projection to coordinates j > ¢. For upper triangular matrices,
an overline denotes the lower-right submatrix indexed by j > ; this operation commutes with
multiplication and inversion. We have shown that Ai,iép_b = Wpfp. Composing then gives

Al =WoWois Wiy - Epp = vp A", - Epb-

Thus
£, b€ E];I ker (Zn — AN,
Since A™ is regular, it has a unique Jordan block with eigenvalue A?l Note that if J is a Jordan
block with eigenvalue a, then
J=a"I +na" N + (Z)Q”QNQ + e
where N is the standard principal nilpotent given by the sum of simple root vectors. Since a # 0,

the kernel of J" — a™I is the kernel of N. Consequently, if the Jordan block of A containing i ends
at 4, then ker(A" — AliI) = 0. Otherwise, i and i + 1 belong to the same Jordan block and

ker (Zn — AT =C-ejq1.

Moreover, v, is upper triangular unipotent, so it fixes the first basis vector e;;1 of the truncated
space. It follows that either £ = 0, or ¢ and i + 1 belong to the same Jordan block and &, = A\pe;41
for every p, with A\, € C. If A\, # 0, then the equation AMEp,b = ngp forces A\p—p = Ap since
(Wp)it1,i+1 = Ait1,i+1 = Ai ;. Therefore, since b is coprime to n, A, # 0 for all p, and (p,i,7 + 1)
is constrained for all p. Since i and 7 + 1 are part of the same Jordan block, this contradicts the
non-emptiness condition of Proposition 2.7, and so & = 0.

As v varies over Z;11, the coefficients of ¥ vary regularly, giving a morphism of vector bundles

\II: OZi+1 ®(C R — OZ’H—I ®(C T
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The preceding argument proves that this morphism is surjective on every fiber. Hence K = ker(W¥)
is a vector bundle of rank dimR — dim 7. The right-hand side of (6) is a regular section of the
target bundle, and its inverse image is Z;. Thus m;: Z; — Z;4+1 is a torsor under K.
If Z;11 ~ A" is an affine space, then H'(Z;,1, K) = 0, so this torsor is trivial. By the Quillen—
Suslin theorem, K is a trivial vector bundle on A". Therefore,
Z; ~ Ar—i—dim’R—dimT.

By downwards induction on i, we deduce that Z; ~ H,,(x, m) is an affine space, as claimed. O

The affine paving above will be used to give a combinatorial formula for the Poncaré polynomial
and Frobenius characteristic of H(x, m). For the parabolic case Hp(z, m), we use the following.

Lemma 2.12. Suppose that P = P,, is a (standard) parabolic of H with o = (04(1), . ,a(”)) for
o9 a composition of d, and let m C g¢ be a Hessenberg space stable under the action of P. Let x
have all eigenvalues nonzero. The projection map

H($7m) — /HP(:E7m)

1$ a trivial fibration with fibers

n
[T1I70.0
=1 i ’
where flaga = GLO{EZ)/BO(EZ) is the flag variety for G = GLaEZ)‘

Proof. The projection G/B — G/P is a Zariski locally trivial fibration with fibers as above, so

it suffices to observe that, for any g- P € G/P, if g- P € Hp(x,m), then ¢’ - B € H(x,m) for all
/

g €g-P. ]

3. CYCLIC CHROMATIC FUNCTIONS

Definition 3.1. For each 1 <i < mn, let V; = {1;,...,d;} be a set of d vertices. A cyclic n-partite
digraph on V' = |, V; with step size b is a directed graph D where, if v — w is an arrow of D and
v € V;, then w € V;4p. Here, all indices on the sets V; are considered mod n.

FEzxample 3.2. Suppose m = an + b for b coprime to n. Let m be a tuple of n Hessenberg functions
of size d each, written as

m = <(mg1), e ,mfil)), e (mgn), . .,mén))) .

Define a cyclic n-partite digraph D with only arrows from i, to jeip for ¢ > mg-g).

For example, when (dm,dn) = (2,4) and the Hessenberg function tuple is ((1,2), (1,2)), we have
arrows (21 — 12), (22 — 11).

The complement digraph D is the complement of D in the sense above: That is, D is the cyclic n
partite digraph which contains the edge iy and jyyp if and only if D does not contain that edge. For

o . . . ) . I
example 3.2, D simply has arrows between iy and jy4p when i < m i For consistency with [BC18],

we will work mainly with D rather than D in our notation.
Take a composition (f51,...,5,) = B = d, and put s; = Z,Kj B;.

Definition 3.3. A sequencing n = (n¢(1),...,me(d))}; of the vertices is (D, 3)-suitable if the
following two conditions hold:
(1) For every 1 <t < d, there is a loop 71 (t) — n1ap(t) — -+ — m1_p(t) = m(t) in D. Denote
such a loop by L;. (This condition is independent of 3.)
(2) For every 0 < j <r — 1, there is at least one directed path connecting Ls; 1 — -+ — L
in D. (We write sp = 8y = 0.)

Sj+1
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1 31
1 31

F1GUrE 1. The cyclic 2-partite digraphs for the cases in example 3.7. The black
arrows denote the arrows in D. The red lines indicate possible choices of disjoint
cycles L = (L1, Lo, L3) in D. The graphs drawn are the quotient digraphs D/L.

We can rephrase this condition as follows: Condition (1) above states that 7 determines disjoint
loops L = (L1, ...,Lq) in D (so that every loop L; is of length n and every vertex of D appears in
a unique loop L;). We may form the digraph D/L on d vertices by identifying the vertices in each
loop L. We have an edge L; — L; in D/L whenever there is an edge from some vertex in L; to some
vertex in L;. By construction, 1 descends to an ordering of the vertices of D/L. Then, 7 is (D, 3)
suitable if and only if 7 is an ordered path cover for D/L in the sense of [BC18, Definition 23].

Definition 3.4. Define the descent, des(n), of a (D, B)-suitable sequencing 7 to be the number of
arrows 1¢(1)¢ — 1ep(§)ess in D such that i < j and ng(7) > ne(5).

For cyclic n-partite graphs as in example 3.2, we have

(7) des() = #{ (L0 ), 1 < L<n 1 <i<j<dml) o> m(i) > m()}.

Ne+b
Definition 3.5. The cyclic chromatic function of a cyclic n-partite digraph D is the function
Ep(Y.t) = ) ¢4y
(,8)

where the sum is over compositions 8 = d and n which are (D, 3)-suitable. Here, Mg is the
monomial quasisymmetric function for the composition g in the variables Y = (y1, 42, .. .).

Definition 3.6. When D is constructed from a tuple of Hessenberg functions m as in example 3.2,
we denote Zq (Y, t) := E5(Y,1).

Ezxzample 3.7. We compute Zy(Y,t) for n =2, m = 1 and d = 3. Here, m) denotes the monomial
symmetric function for the partition A. The cyclic n-partite digraph D for the first example below
is pictured in Figure 1, with its possible loop decompositions.

For m = ((2,3,3),(1,3,3)),

Em(Y,t) = (145t + 5> + t2)mps) + (14 4t + 4% + t3)mo1) + (1 + 3t + 3% + t*)mys).
For m = ((2,2,3),(1,3,3)),
Em(Y,t) = (144t + t*)mgs) + (L+ 3t + t*)ma) + (1 + 2t + %) m3).
For m = ((2,3,3), (3,3,3)),
Em(Y, t) = (1 + 4t + 7t2 + 7t3 + 4t4 + t5)(m(13) + m2,1) + M(g))

Lemma 3.8. Suppose that x € gzeg is of type X expressed in the form of Lemma 2./. Let the matriz
A appearing in the normal form for x have Jordan blocks appearing in an order specified by the
composition [ (which is a rearrangement of the parts of \). Let m have associated digraph D as in
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Ezample 3.2. Then, the cohomology of H(x,m) s concentrated in even degrees, and the Poincare
polynomial Pu(t) =, dim (H* (H(z,m))) t* of the Hessenberg variety H(z,m) is

Py(t) =) it
(n,8)

where the sum is over all n which are (D, ) suitable.

Proof. Since H(x,m) is projective with an affine paving, it is well known that its cohomology is

concentrated in even degrees and that H? (’H(:c,m)) is of dimension equal to the number of ¢

dimensional affine cells. For w € S}, we view n = w=! as an n tuple n = (pM, ..., p™). It is

immediate by Proposition 2.9 and (7) that, if H"(z, m) is nonempty, it is affine of dimension des(n).
Therefore, it suffices to check that the condition in Proposition 2.7 is the same as the condition that
n be (D, B) suitable. In terms of the digraph D, the condition that w - m contains all diagonal entries
is equivalent to condition (1) in Definition 3.3 while the condition that for all «; ;41 € X, there
exists some j such that w-m contains Ej (54 j)d,i+jd+1 1S equivalent to condition (2) in Definition 3.3.
Note that, for the latter set of equivalant conditions, the composition g appearing is determined
by the ordering of the Jordan factors as this determines which super-diagonal entries of the d x d
blocks must be in w - m. O

Corollary 3.9. The quasisymmetric function Zn(Y,t) is a symmetric function in the variables Y .

Proof. The coefficient of the monomial quasisymmetric function Mg in Z5(Y,t) is

3 peesto)

(n,8)

where the sum is over all  which are (D, 3) suitable. By Lemma 3.8, this sum is the Poincaré
polynomial of the regular Hessenberg variety H(z, m), where x is of type A. In particular, since
H(z,m) is depnds only on the conjugacy class of x, and therefore does not depend on the ordering
of the Jordan blocks in the normal form of x, we see that the coefficient of My is equal to the
coefficient of Mg for ' any rearrangement of /. 0

In fact, 2 (Y, t) is a palindromic polynomial in ¢, as we will now show.

Proposition 3.10. The function Zy(Y,t) is palindromic in t, in the sense that it satisfies the
identity
En(Y,t) = tPmZ (Y, t7h)

where Dy = |m| — L(éﬂ) =0 my) - L(gﬂ).

Proof. Our proof is a direct analogue to [SW16, Proposition 2.6]. We describe an involution on
pairs (1, 8) such that n is (5, D)-suitable, which will reverse the descent statistic. First, we define a
straightening procedure for words in the loops determined by 7.

Let £ be the set of these loops, and write vp(L) for the index of the vertex of L in the vertex set

Vi. Thus, for every 1 < ¢ <n and L € L, we have vy(L) < miilb(m. Define the order A = B if the

arrow A — B is absent from the graph D /L, or equivalently if vy(A) > mf}iib( B) for all £. This is a

strict partial order. Indeed, A > B implies vg(A) > vy(B) for every ¢, and if A > B > C, then
¢
ve(A) > v(B) > ml o

for every ¢, so A = C.

To straighten a word, repeatedly replace adjacent loops AB by BA whenever A = B. Each
exchange decreases the inversion number of the word of Vi-indices, so this procedure terminates.
Moreover, the resulting word is independent of the choices of exchanges. Exchanges in disjoint
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positions commute, while overlapping exchanges occur only in a subword ABC with A = B >~ C.
By transitivity, either initial exchange can be followed by further exchanges to obtain CBA. Since
the procedure terminates, these observations imply uniqueness of the resulting word, which we
denote by st(W). A word is straightened precisely when its consecutive loops form a directed path
in D/L.

The straightening preserves the descent statistic. Namely, for distinct loops A, B, put

(A, B) = # {02 0(B) < wi(A) <ml] )}

If n orders the loops as L1, ..., Ly, then
des(n) =Y e(Li, Ly).
1<j
Whenever A > B, we have ¢(A4, B) = ¢(B,A) = 0. Exchanging adjacent A, B changes no other

relative orders, and hence preserves des.
Now write 8 = (B1,...,08), and recall so =0 and s; = 1 +--- + ;. Thus

(8) {1,..dy =] |{sj-1+1.....85).
j=1

Let
W] = (L8j71+17 s ,sz)
be the corresponding words in the loops. Define «(n, 8) = (77, 5*¢) by ordering the loops of 7 as
st(WeY) st(WrSY) - - - st(WY).
Here, reversing or exchanging loops means performing the same rearrangement in every 7,. The loops
themselves are unchanged, and each resulting word is a directed path. Thus 7 is (5™, D)-suitable.
This construction is an involution. Indeed, consider words equivalent if they differ by adjacent
exchanges of >-comparable loops. Each equivalence class has a unique straightened representative,
and reversal preserves this equivalence relation. Since each original word W; is already straightened,
reversing and straightening twice returns W;. The order of the blocks is also reversed twice.
Finally, let ™ denote the sequencing obtained by reversing the entire order of the loops. Complete
reversal exchanges the order of every pair, so

des(n) + des(n™) = Z c(A, B).
AZB

For fixed ¢ and B, the indices vs(A) run through {1,...,d}. Consequently,

Y eAB) =Y (mffgb(B) - W(B))
(,B

A#B ,
d(d+1
X

Since straightening preserves the descent statistic, we obtain
des(n) = Dy, — des(n).
Let Pg(t) be the coefficient of Mg in Eq(Y,t). The involution gives
Py(t) = tP™ Pgrev (t71).
Since Zy (Y, t) is symmetric in Y, we have Pgrev(t) = Pg(t). The desired identity follows. O

The following is immediate from Proposition 3.10 and Lemma 3.8.
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Corollary 3.11. Suppose that Pug(t) = >, dim (H* (H(z,m))) ¢’ is the Poincaré polynomial
of the Hessenberg variety H(x,m), where x € gzeg has all eigenvalues nonzero. Then, Py, (t) =
tPm P 2 (t71) is a palindromic polynomial in t.

Finally, we also collect the Poincaré polynomial for the parabolic case.

Corollary 3.12. If P = P, is a parabolic of H corresponding to an n tuple of compositions of
al® Ed,ifre gzeg has all eigenvalues nonzero, and if m is P stable, then the Poincaré polynomial

of Hp(x,m) is
Pr(t)

Auty(a)’

where Py(t) is the Poincaré polynomial of H(x,m) (see Lemma 3.5) and

Auty(e) = ﬁ [Tie":!

=1 i
is a product of t-factorials [r]y! == []}_, % depending on «.
Proof. Follows from Lemma 2.12 since the Poincaré polynomial of Fi, is [r];!. O

3.1. Grothendieck-Springer type maps and centralizers of regular, semisimple elements.
Let a C g¢ denote the subset of matrices where, in the representation of (3), we have A = A; =
Ao =---= A, is a diagonal d x d matrix. Recall that u, denotes the group of n-th roots of unity.
The subset a carries an action of the group W, := Ny (a)/Cx(a) ~ ud x Sz, where we may view
W, C W as a subgroup of the usual Weyl group (where the embedding is induced by the inclusion
of a C t = ¢4(a), with t being a Cartan of g). In particular, Sy acts by permuting diagonal entries of
A and ,ufll acts by multiplying entries by roots of unity.

Lemma 3.13. Consider the GIT quotient

¢c:=g¢/H = Spec((C[gC]H).
Then, the restriction map of functions to a C g¢ induces an isomorphism g¢JH ~ a /Wi
Proof. This can be found in [V76, Theorem 7]. O

Definition 3.14. The Grothendieck-Springer resolution for the representation of H on gzeg is the
closed subvariety Ag'zeg C gzeg X Flp defined by

5% = {(2, B) € i x Fly | C(x) C BY.

There are obvious projections

e £ 5 T R,

Definition 3.15. The universal centralizer I C H x gzeg is the group scheme over gzeg whose fiber

reg

over r € g is the centralizer

I,={h€eH|h -z=ux}.
with the action - by the restriction of the adjoint action on g. We will also denote by I = I"® be the

restriction of I to ggs, which is a family of tori in H, when there is no confusion. For any x € gzs,
the torus I, acts on the Flag variety Flg through the conjugation action of H.
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Proposition 3.16. There is a Cartesian diagram

ﬁzs — HWH/Sd af
Irs
9o ———— ¢
In particular, the Weyl group of H, Wi = S7, acts on EZS over gzs, and this action is free and
transitive on fibers.

Proof. Fix By C H the standard upper triangular Borel of H. For w € Wy /S, we consider the
space H xPH By - w - a™, which is smooth and comes equipped with a morphism

9 HxBa By w-a™ — g%, (h,z)— h-z,
¢

where - above refers to the adjoint action. The morphism (9) is finite, étale, with fiber over y € gzs
given by

{(h,b-w-z)| (hbw) -z =y}/By ~{(hyw-z) |z €ah-w-z =y} /(I x ud)

~ {z € a | there exists h such that h -z = y}/ul
~ Sy

Furthermore, there is a commutative diagram
H xBo By -w - a™ ——aj/ud

|

9 ¢

with the top horizontal arrow given by (h,b-w )+ (b-w-z mod By) € By -a/By ~ af/ul.
Since both vertical arrows are finite, étale of the same degree, if follows that the diagram above is
Cartesian.

Take the map

(10) HxP" By -w-a® =g, (h,z)— (h-z,h- Bp).

It is clear this map commutes with the projection maps to gzs. Moreover, (10) is injective: For
any (y, B) € g, if (y, B) is in the image of (10), then it must be the image of (h, h~!-y) where
B = h - By. Hence, the image of (10) defines a component of szs which we denote by szsw It is
clear that g°, = g¢°,, Whenever w and w’ belong to the same coset in Wy /S, (with S; embedded
diagonally), so we may further label these components by [w] € W /Sy. Moreover, since w-aNa
contains no regular elements whenever w € Wy \ Sy, these components ﬁzf[w} are distinct for distinct
cosets of Wy /Sy. We obtain an inclusion

(1) I e
[’w]EWH/Sd

defined over gc- Now, for any = € 9., ¢ is H conjugate to an element zg of the form (3) with
the matrices A diagonal, which evidently satisfies that Cgr(zg) is a subtorus of the diagonal torus
H which contains regular semisimple elements in Lie(H). Hence, the fiber over any x € gc is
isomorphic to the fiber over zy, which consists of all Borels containing the diagonal maximal torus
in H. Therefore, both sides of the inclusion (11) above have [Wg| = (d!)" many points in each
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fiber over gzs, we conclude that (11) is an equality, and collecting the Cartesian diagrams above, we
obtain

08— Upwjews s, o/ mi

| |

8 ¢

In particular, Wy acts naturally on fibers of .. O

Lemma 3.17. The Grothendieck-Springer space ﬁ? 1s 1somorphic to the space
(Flu x o8)" = {(B,z) | B € (Flu)"}
Proof. Tt is immediate that B € (Flg)!= if and only if I, C B, which is the definition of ﬁzeg . O

Let C' = Cp(a) be the centralizer of a. More explicitly, C is the rank d torus given by the diagonal
embedding of the set of d x d diagonal matrices in GL4 into H = GL[;. There is a natural action of
the diagonal Sy C Wy on C.

We will describe I™ using a distinguished component of the Grothendieck-Springer cover. To this
end, consider the diagonal embedding Flgr,, — Flg sending a Borel By C GLg to Bgx---x By C H.
We call the image of this map Fla C Flg. Let

(@8)a = 8¢ N7z (Fla).
That is, (g¢°)a C g¢° consists of pairs (z, B) such that B = By x --- By C GLy = H is a diagonal

Borel. Then, it is easy to check that (g¢®)a is a component of gi* and that the map 7a: (97°)a — o
is an étale Sy cover fitting into a Cartesian diagram

(@)a —=afus,

L

go ——>¢

Proposition 3.18. We have an isomorphism wx 1™ ~ C x EZS, where Sy acts diagonally on the
product.
In particular, WZI S is also trivial with fibers C'.

Proof. Let T denote the canonical torus of H. We claim first that T contains a canonical subtorus,
which we denote by C C T, such that C' is identified with C under any identification C' C T ~ T.
Indeed, let T' be the diagonal maximal torus, which clearly contains C, and let B D T be any
diagonal Borel that contains T'. Then, B determines an isomorphism 7' — T, and the image of C
under this map is independent of choice of diagonal Borel since C' is stable under the Sy action.

Now, consider the map
~reg

Al = T x (g, 7)a

sending (z, B, h) — h mod [B, B] € T. It is easy to check that this map factors through C x (ﬁzeg) A
when B is diagonal and that it is an isomorphism over (g7°)a.
By considering the Wy action from Proposition 3.16,

= U v @a
wGWH/Sd

and so the description of 73 I"® also carries over to a description on ﬁzs ]
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We end this section by giving a construction of a map playing the role of Kostant section. Fix a
section €4: gl /GLg — g[ileg. For example, we may take €4 to be the Kostant slice associated to an
slp triple in gl; or the companion section

0 ... (_1)d+1ad
10 (1)
ed(al,...,ad): ..
1 0 —a9
1 al

Define €: ¢ — gzeg by identifying ¢ ~ gl;/GL4 (taking the characteristic polynomial P,(t) to Qq(t)
where P,(t) = Q.(t")) and using the formula

ed(a)

> n — b blocks

I,

b blocks

Proposition 3.19. The map € gives a section of the map gzeg —c.

Proof. Follows immediately as the characteristic polynomial of €(a) is equal to the characteristic
polynomial of €4(a) evaluated at ¢". O

Remark 3.20. Note that, as opposed to the case of the usual Chevalley map g"¢ — g/ G, the Kostant
section above is not unique up to H conjugation.

3.2. The monodromy Action and Families of Hessenberg Varieties.

Definition 3.21. Let q C g¢ denote the subvariety of g¢ consisting of elements of nonzero eigenvalues.
We denote by H(m) C q x Fly the family consisting of

H(m) ={(z,9) |z €q, g € H(z,m)}

We denote the family morphism by
Tm: H(m) = q.

€

We will also denote by q™& C @TC ¢ for the preimage of q**8 in szeg , and similarly for q".

Lemma 3.22. The family H(m) is smooth of dimension

nd(d — 1) nd(d — 1) 0
R RN 9 D

and the family morphism 7 is flat over q8.

Proof. The projection H(m) — Fly taking (z,g) — g € H/B is an open subset of a vector bundle

whose rank is ©
=3 > m;”.
]
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Since Fly is smooth of dimension M, the first statement follows.

To show that 7y, is flat, by miracle flatness it suffices to show that the fibers have the same
dimension. We have 7 !(z) = H(z,m), which has dimension Dy, for every x € q"°® by Lemma
3.8. ]

Corollary 3.23. If x € q™ is reqular semisimple, then H(x,m) is smooth.

Proof. By Lemma 3.22, the map 7y, is flat over q**® and H(m) and ¢"® are smooth.
Consider the morphism
f:HxBHm—>g§, f(h7y):hy

with the dot denoting adjoint action. We claim this map is smooth g¢. To this end, for y € gg, we
compute that the differential of f at (1,y) has image [h,y] + m, where h = Lie(H). Suppose that
z € g¢ =~ g¢—1 annihilates [h,y] + m. Then, for all a € b,

0 = tr(zla, y]) = tr([y, z]a),
so that by nondegeneracy of the pairing on b, [y,z] = 0. Since z commutes with y € g¢ and
zemt C g¢-1, we must have z = 0. Therefore, the differential of f at (1,y) is surjective for any
NS g?, and by acting by H on the left, we see that f is smooth over ggs, of relative dimension
nd(d —1) nd(d+ 1)
2 2
The corollary now follows since for any y € 9?7 the projection m: H xp, m — Flg to the first

Im| 4+ dim(H/Bp) — dim g¢ = |m| + — d*n = |m| = Dq.

factor produces an isomorphism from the fiber f~!(y) to H(x,m). O

Definition 3.24. If X is a complex manifold and Y is a closed, nowhere dense analytic subspace of
X which contains z, then the local fundamental group of X \'Y at z is the isomorphism class of
m (U \Y,p) for U a good neighborhood of = (in the sense of [BC18, Definition 46]) and p € U \ Y.

The local fundamental group is an important object as it controls the monodromy action on
nearby fibers to . When X’ — X is a Galois map of smooth complex algebraic varieties with Galois
group I', let Y C X be the ramification locus in X. For x € X, we select a good neighborhood U
of x and p € U\ Y, so that m (U \ Y, p) computes the local fundamental group of X \ Y at p. A
choice of preimage p’ € X’ determines an action of 7 (U \ Y, p) a monodromy homomorphism

m(U\Y,p) —T.

The local monodromy group of X' — X at x is the image of this monodromy map, which is a
subgroup of I" well defined up to conjugacy in I'.

Definition 3.25. We say that a point a € ¢ = g¢/H is of type A, where A\ - d is a partition of d, if
the associated characteristic polynomial P, (x) is of the form

Pu(z) = H H (= pai)™,
i MEUR

where the z7" # 27 for all i # j and the x; are nonzero.

It is clear from the definitions that = € gzeg is of type A (see Lemma 2.4) if and only if its image
in ¢ is of type A.

Lemma 3.26. The local monodromy group of the map (a/ud)™ — ¢ at a point a € ¢ of type X is
the Young subgroup Sy = [[; Sx, C Sq. Similarly, the local monodromy of the map q*° — q at a
point x € q"°8 of type X\ is conjugated to S).
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Proof. By [BC18, Proposition 106], for the first claim, it is enough to compute the stabilizer in Sy
of a preimage of a in a/ul. If a is of type A, then any preimage of @ in a is of the form (3) with

Ay = = A, =diag(xy,..., 21, , Ty .., Tk)-

A1 times A times
The group Sy acts on this element by permuting the coordinates of the diagonal matrix, and so the
lemma follows immediately.

To transfer this computation of local monodromy to x € g¢, we make use of the Cartesian diagram
of Proposition 3.16. Namely, we may use the Kostant section €: ¢ — g¢ (see Proposition 3.19) and
an identical argument to [BC18, Proposition 113] to deduce that the local monodromy group at z is
the same as the local monodromy group of its image in ¢ with respect to the map

IT @fup)™ =
W /Sq
The latter is the same as the local monodromy of a single of these S; covers, which was computed
in the first half of this lemma. O

Consider the centralizer group scheme as in §3.1 but restricted over g, which by abuse of notation

we also denote by
I={(h,x)e Hxq|h ' 2=z}
The group I acts on H(m) via left multiplication. The restriction of I to g** forms a torus bundle.
We may therefore form the local system £ (m) on g™, whose fiber over x € q*° is the I, equivariant
cohomology
ZL(m), = Hi (H(z, m)).

More explicitly, .-Z(m) is the pushforward of the trivial local system C on the stack [H"(m)/I] to
qI'S.

The local system £ (m) is related to the ordinary cohomology as follows. Let ac: B(I™) — g™ be
the fiberwise classifying stack of the torus bundle I™ over q**. The cohomology & = Ra,C is a
sheaf of polynomial algebras over q"°. Let o7, C &/ denote the positive degree part

o, = DR™a.C
k>0

Then, since generalized Hessenberg varieties have an affine paving (Proposition 2.10), they are
equivariantly formal and hence

(12) Z(m)/ L (m)oly ~ Ry C

Now, fix g € q. We will study the monodromy action of m (g, zp) on the equivariant
cohomology group £ (m),,. The following reduces the monodromy action to an Sy action.

Proposition 3.27. The fundamental group m1(q"™,xo) acts on £ (m),, through the canonical
quotient map 71 (q", x9) — Sq.

Proof. Let I act on q™ trivially, and let
mq: /1) ~q° x B(I) = g™

be the structure map. By localization and Lemma 3.17, we have an embedding of local systems
ZL(m) = mq.,C

We claim that the action of m1(q"™, zo) on the latter is trivial on the image of m(q",Zp), where
Zo is any preimage of xg. Indeed, by Proposition 3.18 B(I) is trivialized after pulling back along
q" — ™. Hence, the action of 71 (q™, z¢) factors through the quotient map

Wl(qrs,l'o) —)Wl(qrs,l‘o)/ﬂ'l(ars,fo) st. O
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By (12), we realize an action of Sy on the ordinary cohomology group H*(H(xo,m)) as a corollary.

Remark 3.28. One can also define a dot action on H*(H(zp, m)) mimicking [T07] and show that it
coincides with the monodromy action defined above.

Fix elements zp € 9" and x) € g™ of type A\. Take B(z)) to be a sufficiently small ball centered
at x). The local invariant cycle theorem of Beilinson-Bernstein-Deligne says that for any integer i
the natural map

(13) H'(H(zx,m)) = H (B(z)) N g™, Rl . C) .

is surjective, and H° (B(z) N g™, Rl «C) = Hi(H(zg, m))™BE)NT) Since the Betti numbers
of H(xy, m) are palindromic by Proposition 3.10, the map (13) is an isomorphism by [BC18, Theorem
102].

Theorem 3.29. For zq € q"°, under the monodromy action,

(14) > " #Frob (H*(H(z,m))) = Em(Y1).
where Frob denotes the Frobenius character with respect to the Sg action. Moreover, if P = P, is
the parabolic of H corresponding to a tuple of compositions of d, a = (a(e)), and if m is stable under
the action of P, then
(15) S #Frob (H2 (Hp(zo, m))) = —m1)

- 0 Auty(a)’
where Auty (o) =[], Hi[age)]t!. In both cases, all odd degree cohomology of H(xg,m) or Hp(xg, m)
vanishes.

Proof. Odd degree cohomology vanishes by the existence of affine pavings (Proposition 2.10). First
assume that P = B is a Borel. We prove that both sides of (14) have the same pairing with the
homogeneous symmetric function hy for any A F d. By Frobenius reciprocity,

(Frob(H (H (w0, m))) , hy) = dim (H (H(z0, m))*)

which equals dim(H? (H(xy, m))) by the discussion above, as m1(B(x) N q*) acts through its image
in Sq by Proposition 3.27. It remains to recall that (my, hy) = ), and use Lemma 3.8.
For the parabolic case, we argue identically using Corollary 3.12. O

Since H(z, m) is projective with an affine paving, Theorem 3.29 remains true when one replaces
H* with HfM , which is the statement we will use later.

4. INVARIANT SETS AND AFFINE PERMUTATIONS
4.1. Invariant sets.

Definition 4.1. An M, N invariant set is a nonempty subset A C Z satisfying the following
conditions

e Ifre Athenr+ M,r+ N € A;

e A is bounded from below;

e Let a be the minimal element in A. Then #(Z>q \ A) < cc.

Note that when M and N are coprime, the third condition follows from the first two. We may
often drop the M, N when it is clear from context and just refer to A as an invariant set.

Let Iprn be the set of all M, N-invariant sets. Let I]\+4,N be the set of all M, N-invariant sets
contained in Z~g. We call invariant sets A € I]T/I N Ppositive. For every A € IA'Z N+ We associate to it
statistics of area and dinv. We begin with the area of A. 7
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Definition 4.2. For every positive A € IJ\'Z ~» the area of A is the cardinality of its complement in
Z~g, denoted
area(A) = #(Zso \ A).
To define codinv(A), we define first the set of N, M generators of A.
Definition 4.3. The set Ngen(A) is the set of r € A such that r — N ¢ A.

We will often picture an invariant set as a tuple of paths as follows. We imagine d = ged(M, N)
sheets, labeled 0, ...,d — 1. For each sheet, we draw an array extending infinitely in the horizontal
directions and having n = N/d rows. On sheet i, we label the box at the origin by i, and let rows
increase to the left by N and columns increase upwards by M. (See Figure 2.) The set A can be
described pictorially as the unique tuple of lattice paths, one in each sheet, which moves upwards or
leftwards only, begins on each sheet with a vertical segment, and for which Ngen(A) is the set of
elements containing a vertical step on their rightmost boundary.

The following definition is given in [GMV20] and can be seen to agree with the difference
pdinv — ldinv for the canonical labeling of [W23].

Definition 4.4. For any A € I n, codinv(A) is the number

codinv(A) = Z #lg,9+ M — 1] N A°.
gE€Ngen(A)

We can further define labelings on an invariant set A. These functions will play an important
role in the combinatorics of parahoric affine Springer fibers in §5.4.

Definition 4.5. A labeled invariant set is the data of an invariant set A and labeling function
f: Ngen(A) — Zso
such that if g, g + M € Ngen(A), then f(g9) < f(g + M).

We may reinterpret the above closer to the spirit of [H14] as follows. To an (M, N) invariant
set A, we have an associated tuple of ribbons given by remembering only the squares labeled by
elements of Ngen(A). (See Figure 2.) A function f on Ngen(A) is a labeling of A if and only if
labels are non-decreasing moving upwards whenever the boxes they label are directly above each
other. Note that boxes shown on the top row of each sheet below still have a box on top of them;
each sheet should be viewed as an infinite grid which repeats itself every vertical n rows, with a
horizontal shift by m squares.

We can attach the statistic lcodinv to a labeled invariant set in an analogous way to codinv(A).

Definition 4.6. For any pair of A € Ij; n and a labeling f, define its labeled codinv lcodinv(A, f)
by the number of pairs a,b € Ngen(A) such that a < b < a+ M and f(a) > f(b).

Note that in the above definition, the pair a,b € Ngen(A) may be taken to lie in different sheets.

Ezample 4.7. Two sheets are pictured for N = 6 and M = 4 in Figure (2). The red line indicates
the invariant set A containing all numbers to the left of the paths in each sheet, and Ngen(A) =
{1,5,9,10,14, 18}. One can verify area(A) = 6 and codinv(A) = 6. A labeling f of the invariant set
A from Figure 2. For this labeling, we have lcodinv(A, f) = 1 counting the pair of N-gens 9 and 10.

For a labeled invariant set (A, f), we denote by
codinv(A, f) := codinv(A) + lcodinv (A, f)

There are differing conventions for the labelings in Definition 4.5 and the statistic lcodinv. The
definition given above is the same as that given by Hikita in [H14] for “negative labels.” There is
an analogous definition given in [W23] which replaces f(g) < f(g + M) with f(g) < f(g+ M). Let
us call (A, f) satisfying this latter condition a W -labeled invariant set. Similarly, we define Wilson’s
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28 | 22 16 10 4 -2 1
/
Sheet 2 24 18 12 6 0 -6 e 2
20 14 8 2 -4 | -10 1
27 | 21 15 9 3 -3 4
f
Sheet 1 23 17 | 11 5 -1 -7 e 3
19 13 7 1 -5 | -11 2
FIiGURE 2.

statistic lcodinvyy (A, f) to count the number of pairs a,b € Ngen(A) such that a < b < a+ M and
f(a) < f(b), and codinvyy (A, f) = codinv(A) + lcodinvyy (A, f). We consider the functions

Da (X, t) — Z tlcodinv(A,f)xf, Dyﬂ(X, t) — Z 7flcodinvw (A,f)xf
f: labeling of A f: Wh-labeling of A

where 2/ = HieNgen( A) Tf(i) is the monomial corresponding to the labeling f. We also put
en := #{(a,b) € Ngen(A) |a <b<a+ M}.
We define the functions

LM,N(Xa q, t) — Z qarea(A)tcodinv(A) DA (X, t),

AETf;

L%jﬁv (X, q, t) _ Z qarea(A)t—CodinV(A)—eA Dyil(X’ t).
A€l v

It is an easy exercise to see that Lﬁi}v(X ,q,t) is equal to the function that Wilson calls Ly, n =

L(0M 0N). In particular, L%lﬁv (X, q,t) recovers the triply graded superpolynomial of the (M, N)
torus link via a Schroder inner product (see Corollary 1 of [W23]).

For our geometric setting, Ly, n(X, ¢,t) will be the functions which appear naturally. They are
related to Wilson’s functions by the following lemma.

Lemma 4.8. Let A be an invariant set. Then,
Da(X,t) =t - wx DYY(X,t71)
where wy s the canonical involution on (quasi)symmetric functions in the variables X. Moreover,
Lyun(X,q,t) = wx LY 'N(X,q,t7").

Proof. The identity relating Da and DXVH follows from an identical argument to [H14, Lemma 3.11].
After this, the reciprocity for Ly ny and L%% is immediate. O
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4.2. Associated elements of the affine Weyl groups. The affine Weyl group for GLy is the
group W of bijective maps w: Z — Z such that w(i + N) = w(i) + N for all i. For any element
w € W we have a window notation for w given by listing the N tuple [w(1),w(2),...,w(N)].
We will now attach two elements of the affine Weyl group: ween and wigess to a given labeled
invariant set (A, f). We picture an invariant set A as a path tuple (with a sequence of d sheets, each
containing a path). We have a sequence A € ZN so that ); is the number of boxes in between the

1 (Ei—i

left side of box i and the North step in the same row. Equivalently, A\; = 5~ where z; € Ngen(A)
is the unique N gen with residue ¢ mod N. For A € Xy (T), we let wy € W2 be the corresponding
element of the affine Weyl group determined by wy(i) =i+ N A for 1 <i<N.

We say that a labeled invariant set (A, f) has content u = (u1,..., ) = N if u; = #£71(0).
The affine Weyl group W2 contains the finite Weyl group W = Sy, and so for any composition
i = N, we have an embedding S, = [[; Sy, C W C W,g. For a labeling f: Ngen(A) — Zso with
content i, we determine a coset of the finite Weyl group wa, € S, \Sny. When pu = (1V), we let
wgn () = f(x;) where x; € Ngen(A) is the unique element such that z; = ¢ mod N. In general, we
use the following.

Lemma 4.9. There is a natural bijection between cosets in S,\Sn and functions f: {1,...,N} = 7Z
such that # f~1(i) = p; for all .

Proof. For a coset S,, - w, we consider the function f which sends w™(1),...,w™ (u1) to 1; sends
wH(p1 +1),...,w ! (u1 4 p2) to 2; ete. In general, we put

(16) FRO) = qw ™ [ 1+ D ] w™ [ D m

i<j—1 i<y

In the other direction, given a function f, we consider any element w € Sy such that (16) holds.
This choice of w is well defined up to reordering of the indices f~'(j), which is to say that w is well
defined up to the left action of S,,. It is easy to see these two constructions are mutually inverse. [J

For (A, f) alabeled invariant set of content ;1, we therefore have a coset [wgn] = S, - wan € S, \Sn.
Definition 4.10. For a labeled invariant set (A, f) of content p, we put
Weell = wcell(Aa f) =w_x- wﬁ_nl € Waﬁ/s,u and  WHess = wHess(Ay f) = Wfin - W_j3 € S,u\WaH-

In particular, when g = (1Y), we have wee (A, f), Whess(A, f) € W2,
We will later use these constructions in conjunction with choices of representatives of cosets in
AS“C’;\I/V";llcf /S, which satisfy the following dominance property.

Definition 4.11. A labeled invariant set (A, f) is dominant if:

(1) A is non-increasing in blocks of size d. That is, we have

M(—1)d = Aot (t—1)d =+ = A (e—-1)d
for1 </ <n.
(2) Whenever \; = Aj4q for (4,7 + 1) in the same d block, we have f(x;) < f(xi+1), where
Z;, Ti+1 are the N gens of A whose residue mod N is ¢ and i + 1, respectively.
We call ween = ween (4, f) dominant whenever (A, f) is dominant.

5. HOMOLOGY OF AFFINE SPRINGER FIBERS

Throughout this section, we work with G = GLy. Let K = C((¢)) and O = C[t]. Inside the loop
group Gg, we have the arc group Gp and the Iwahori subgroup I C Gp. Let W denote the finite
Weyl group for G, X,(T) be the coweight lattice and W2 = W x X,(T) be the extended affine
Weyl group, which we view as the space of bijective maps w: Z — Z such that w(i+ N) = w(i) + N.
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Let u € go denote an elliptic homogeneous element of slope 1/N. Without loss of generality, we
may choose u = ap+a1+---+ay = Zf\;l E;it+1+tEN,1 where ;s are the usual affine simple roots
(g = twgay, for the highest root «y, and the longest element wy € W), and let v = diag(v/, ..., ")
where v’ is a diagonal d x d matrix whose eigenvalues are nonzero and have pairwise distinct n-th
powers. Take

/
_ n — b blocks
Y= vuM =k ‘

tv
tv'
H—/
(17) b blocks
We write “” to denote the adjoint action. Consider the map

a: Gy x! Lie(I) = gr, (g,2) = g- .

Suppose d = ged(M,N), m = M/d, n = N/d. Following [H14] we are interested in studying the BM
homology of the affine Springer fiber Fl, := a~!(v) (endowed with the reduced scheme structure)
inside the affine flag variety Fl := Gx /I when d > 1.

For any composition a of IV, we may consider the parahoric subgroup B, C Go which consists
of all elements g € Gp which reduce mod ¢ to the standard parabolic of type o in G(C). We will
further consider the parahoric affine Springer fiber FI5 = agl(y) for

o : G x* Lie(Pa) = gx,  (9,2) —~ g .

In particular, when oo = (IV), we recover the affine Grassmannian Springer fiber, which denote by
Sp., = FI{™.

A new feature of this affine Springer is that it carries a natural Sy action independent of its usual
Springer action. Our main result will compute the graded Frobenius character for the Sy x Sy
action on the BM homology of Fl,.

5.1. GKM stratification of homogeneous affine Springer fibers. For any w € Waff, we may
express w = wy - Wan, where wy € X, (T) and wg, € W, and we may embed w € Gk by A Whin,
where t* = X(t) is the image of the uniformizer under the cocharacter A and wgn 1S viewed as the
permutation matrix with nonzero entries at (wgy(i),4) for 1 <i < N. For compositions v, 1 of N,
we have a description of the two sided cosets of the loop group of G as follows

GK/‘B# = |_| ‘Buwiﬁp/‘ﬁm

MESV\WaH/SM

with closures given by the order on W, Moreover, when 93, = I is an Iwahori, T WP /P, is
isomorphic to an affine space, which is of dimension ¢(w) when B, = Go.
.. e . .. . (N—-1 N-3 1—N
Recall that p is the half sum of all positive roots, given explicitly by p = ( S Ty Ty )
For a composition yu, we also define p, to be the cocharacter such that (g,,a;) is 1 if the simple
root a; not contained in the Levi factor for B, (i.e. i =}, p; for some r) and 0 otherwise. For

example, pny = p and p(y) = 0.
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Under suitable restrictions on v, [GKMO06] show that such a decomposition will determine cells
in parahoric affine Springer fibers by intersecting FI5 with the two sided cosets B, wPB,/B,. We
summarize their results for v the homogeneous slope % element defined in (17).

Theorem 5.1. ([GKMO6, Thm 1.2 and §4.8]) For v as in (17), the intersection
}-w N (‘Buw‘ﬁu/‘ﬁy)

is an iterated affine space bundle over a generalized Hessenberg variety which is Zariski locally trivial
with affine fibers whenever P, C P := P(qn), i.e. whenever v is a refinement of the partition (d").

When v = (1V) (so that B, = I is an Iwahori), for any w € W2 /S, the cell F1i N (TwP,/B)
is an affine spaces of dimension

#{a affine root |0 < a(p/N) < M/N and a(w - (ep,)) < 0}
When v = (d"), the cell FI5 N (PamywBu/By) is an affine space bundle over the Hessenberg

1. M) where:
RPN

variety Hp (77 (g(b)w.(gpvu)
¥ =evi=1(y) € ngzg is the evaluation of v att = 1;

0 < e « 1 is a small parameter;
For ¢ € Xi(T) viewed as a map p: Gy, — T and a € Q, the space (g¢b)p,a denotes

(8cr)pa = EPIX €900 | 0(2) - X = 2/ X},

i>a

that is, the graded part in gcv, under the grading induced by ¢, bounded below by a;
The parabolic P C H = GL] is given by the cocharacter w - (¢p,,) in the sense that

Lie(P) = @{X € gl | (w-&py)(2) - X = 2'X for all z € Gy, }
>0

is the non-negatively graded part of Lie(H) under the grading induced by w - (epy,).

5.2. Families and the S;-action. We construct the Sz-action by monodromy, following the family
construction of [OY'16, §5.3.2]. The compatibility with the Hessenberg varieties of Theorem 5.1 is
the relative version of [OY16, §5.4.1 and Theorem 5.4.2].

Recall M = aN + bd, where 0 < b < n, and recall that N = nd and M = md. For x € g¢, write
A, for its block in position (p,p + b), with block indices read modulo n, as in (3). Define v, € gx
by replacing A, with
07 p S n— ba

_ fa+d _
(V2 )pprv =170 Ap, % = {17 p>n-—b.
Thus = — 7, is H-equivariant, v;|t=1 = , and ~5 = 7 for v of the form (17) and ¥ = y|4=1.

For a composition u of N, consider the family
qu: FI' —q,  FI' = {(z,9%B,) | Ad(g ")z € Lie(P,)} -
Its fiber over z is Fl%,. This family of homogeneous affine Springer fibers is a special case of [OY16,
§5.3.2], expressed in our block coordinates.
Homogeneity of the elements v, gives a fiberwise G,,-action. Explicitly, put
h(z) = diag(z ™ g, 2721y, ..., 2 "1y),
and let
2 (9(O)By) = h(2)g(z" )P,
Indeed,
h(2)ve(2"t)h(2) ™1 = 2™, (1),
so this action preserves every fiber of g,,.
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Put B = P4n), whose Levi factor is H; it comes equipped with a projection pry: P — H. For
w € Wy\Wa /S, define

Py =pru(BnwPw ),  my={z€ g |7 € Ad(w)Lie(P,)} -

Then P, is a parabolic of H and the space m,, is a P,-stable Hessenberg space. We therefore have
the Hessenberg family

quﬁ:{(ﬁU,th)Eqrst/Pw|h_1-x6mw}7 ng}l%%qrs,

whose fiber over = € ¢™ is the Hessenberg space Hp, (x, my). The map hP, — hw, identifies this
family with the corresponding part of the fixed locus:

(Fimem = || A
’LUGWH\WaH/S#
This is the identification of [OY 16, Lemma 5.3.5 and Theorem 5.4.2(1)].

Let
&y =F"nN (qrs X ‘1310513#/‘13“)-

The construction of Theorem 5.1 works relatively over q*s. Namely, it gives an iterated affine space
bundle

Pw: EE — HE
whose projection is the contraction under the above G,,-action. In particular, this identifies the
Hessenberg families appearing here with those studied in §3.2, rather than merely identifying their
individual fibers.
Fix z9 =4 € q". We use the quotient

0: Fl(qrs,xo) — Sd

from Proposition 3.27. Equivalently, if det(T — x) = Q,(T™), this quotient records the permutation
of the d distinct roots of Q.

Proposition 5.2. The monodromy of the family FI* induces Sg-actions on the cohomology and
Borel-Moore homology of FlY. These actions are compatible with the filtration by B-orbits. If ry, is
the relative dimension of py, the natural identifications

H*(Ef) ~ H*(Mp, (w0, my)),  HZV(BEY) ~ HY,, (Hp, (20, my))
are Sq-equivariant, where the action on the Hessenberg variety is the monodromy action of §5.2.

Proof. We adapt the construction of [OY 16, Lemma 5.4.7] to our nonelliptic setting by working
on finite projective truncations. Factorization through S; will follow from Proposition 3.27 and
equivariant localization.

Let Z C Gk /By be a finite union of closures of ‘B-orbits. Such varieties are projective, preserved
by the G,,-action, and exhaust G /B,. Intersecting with FI* gives a proper family

qu,7: .Flg — qrs_

Its relative Hessenberg paving has successive strata which are iterated affine space bundles over
the smooth proper families H},. Since the Hessenberg varieties have no odd cohomology, induction
using the open—closed exact sequences shows that qum 7,+Q are local systems, concentrated in even
degrees.
Put X = FI§ N Z. Applying the localization argument of [OY 16, Corollaries 5.4.4-5.4.5] to this
proper family gives a monodromy-equivariant injection
HE, (X) = H*(X®") @ Qu,u™"],  deg(u) = 2.

m
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Here injectivity follows from equivariant formality, since H°44(X) = 0. The fixed locus is a finite
disjoint union of the Hessenberg varieties Hp, (zo, my,). By Proposition 3.27, ker(#) acts trivially
on their cohomology; it also fixes u. Consequently, it acts trivially on Hg (X) and on

H*(X) =~ Hg,, (X)/(w).

Thus monodromy factors through S,;. Since X is projective, duality gives the same factorization on
its Borel-Moore homology.

These actions are compatible with inclusions of truncations. Passing to inverse limits for
cohomology and direct limits for Borel-Moore homology therefore gives the actions on FIY.

Finally, the maps py,: £ — Hiy are defined over ¢*, so their pullback and Thom isomorphisms
respect monodromy. This identifies the resulting actions on the strata with the Hessenberg actions
of §3.2. The open—closed exact sequences likewise respect monodromy, giving compatibility with
the filtration by JB-orbits. 0

The same construction applies to finite closed unions of the strata El,, and in particular to the
positive area truncations considered in §5.5. The forgetful maps between the partial affine Springer
fibers are defined over g, so their induced maps on cohomology and Borel-Moore homology also
respect these actions.

5.3. Iwahori Orbits and affine pavings. When B, = [ is an Iwahori, we denote the cells
considered in the previous section by

Cly = FIE N TwP, /By
In the case B, = Go, we have W /I ~ X, (T), and for A € X,(T) we may define the cell
Cs == Sp, N I1\G(0)/G(0)

Recall that, for our specific choice of v, Theorem 5.1 says that the cells C and CY; above are
affine spaces when they are nonempty.

Proposition 5.3. Fiz a coweight A, and let wy, be the affine permutation such that ws (i) = i+ N
The following are equivalent.

(a) The cell C_5 is nonempty.

(b) For all1 <i <N, ws(i) —ws(i — M) <M. Herei— M € [1,N] is the residue modulo N.

(¢) ws(Zy) is an M, N-invariant set.

Furthermore, there is a bijection between nonempty cells and M, N -invariant sets.

Remark 5.4. The second condition is known to define the Sommers’ region.

Proof. Take t = € Gc. The cell C_5 is nonempty if and only if t—* € Sp,. Recall that M = kN +db
a}nd N = dn.vBy the definition of:y, t)‘-'z € go is equivalent to 5\1—5\db+1 >k, AN—ap—AN > —k,
AMtdin—b) — M1 = —k =1, ..., AN — Any_g(n—b) = —k — 1. This family of inequalities is exactly
equivalent to (b).

We now prove (b) < (c). Write x; = wy(¢). Then

N
wy (Zy) = [ J{=i + Nj | 5 > 0}.
i=1
This set is M stable if and only if for all 7,
which holds if and only if x;77 < x; + M for all 4, which is exactly condition (b).
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Thus we have a map from nonempty cells to I x. We build an inverse map: given an M, N-
invariant set A, let {2;}}¥, be the set of Ngens such that z; = i mod N. Define A\(A) by
Ai(A) := (z; — i)/N. Then C_j5 4, is nonempty. O

We note that while the affine Springer fiber Sp, depends only on the conjugacy class of v, the
cells C5 depend on the specific choice of v, and Proposition 5.3 in particular depends on the form of
~ we chose.

In the special case when B, = G, it is immediate that Theorem 5.1 simplifies to the following.

Corollary 5.5. For A € X, (T), when C5 is nonempty, it is an affine space of dimension
dim(C5) = #{(,u) €@ x Z | 0 < (p/N,a) +u < M/N and (—\,a) +u < 0}
Due to our correspondence negating \, we will occasionally write Ca = C_ 5 when A = Aj.
Proposition 5.6. dim(C_j) = codinv(Aj).
Proof. Below, for an integer z, we write Z € [1, N]| for the residue modulo N. Then, for x € Ngen(A),
w(f{)ecalslc.that codinv(A) = > |[z,x + M — 1] N A¢| where x runs over all N-gens. For a fixed
pair of N-gens z,y with x < y, we count all elements in the form of y — uN for u > 0 that lie in

[,z + M — 1] N A°. In other words, the pair (z,y) contributes to codinv(A) by codinv,, which
counts integers u satisfying

- M _
% <u< %, u > 0.
On the dimension side, let a(z,y) = €, —€,. We have

<,5,a(x,y)> =y—-

(18)

and

< Y-y (v-7)
A a(z,y)) = - N :

Therefore, the pair (z,y) contributes to dim(C_x) by dim,, which counts integers u’s satisfying

j-7 M- (j-7) y—9—(z—7)
1 2= — .
(19) N <u< N , u< N

Clearly, dim,, , = 0 for x < y. Thus proposition would follow from the claim that codinv, , = dim, ,
for x < y.

By doing integer shifts, we see that the number of u’s satisfying (19) equals the number of u’s
satisfying

— )

— M —
Y m<u<§g, u <0,

N
which is symmetric to (18) with respect to {u = 0}. Therefore the claim follows. O

5.4. The Parahoric Case. Let u be a partition of NV, and let 3, denote the corresponding
standard parahoric subgroup in Go. Namely, B, consists of all matrices g € G whose reduction
mod ¢ lies in the standard parabolic subgroup of type p in Gp. Recall that we denote the parahoric
affine Springer fiber in G /9, by Fly. Let 7, : FI5 — Sp,, be the quotient map. From Theorem

5.1, we have an affine paving of FI4 with cells FI4 N (It;\w‘ﬁu/fﬁ#) = (It_;\w_liﬁﬂ/iﬁu) N w;l(C’A)
for A € X,(T) corresponding to an invariant set A and w € W/W,,.

Proposition 5.7. For each M, N invariant set A and for X € X« (T) corresponding to A under the
bijection of Proposition 5.3, there is a bijection

{we W\Sy | (It w ', /B,) N, (C_3) # B} < Labelings(A, 1)
where Labelings(A, 1) denotes the set of labelings f of A such that #f~1(i) = u; (see §/.1).
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Proof. As before, for an integer z, we write Z € {1,..., N} for the residue modulo N.

For any invariant set A, we may identify Ngen(A) with {1,..., N} by matching 1 <i < N with
the unique N gen z; such that x; =¢ mod N. Then, by Lemma 4.9, we have a bijection between
functions f: Ngen(A) — Z of content p and cosets w € S, \ Sy defined so that (16) holds. We claim
that this bijection restricts to the desired bijection.

The element ¢* - 7 is a sum of elements in the root spaces e; ;4 where the subscripts are taken
to be the corresponding representatives 1,..., N mod N. For A € X,(T), we let wy be the affine
Weyl group element satisfying ws (i) =7 + N ;. By the proof of Proposition 5.3, the entry of . vy
in e; ;4 has t valuation 0 if and only if wjs (i + M) — ws (i) = M, which is true if and only if the N
gens x; = wy (i) and x5 37 = w; (i + M) are directly above each other in the path notation for A (i.e.
Ty =i + M ). In this case, the condition that w - e; ;1 € b be upper triangular is equivalent to
the condition w(i) < w(i + M). If u = (1VV), then the labeling f is given by z; — w(i), and the
condition that w(i) < w(i + M) whenever z;777 = z; + M is the condition that f is a labeling of A.

For general y, refine f to a function f’ of content (1VV) by ordering the generators first by their

labels under f, and then, among those with equal labels, by their integer values. The permutation
w'(1) = f'(x;) lies in S, - w. For z,x + M € Ngen(A),

f@) < fla+M) = flz) < f(z+M)

Thus every labeling f admits a labeling refinement of content (1VV); conversely, merging the labels
of any such refinement gives a labeling of content .
Under the natural surjection FI, — FlY, the inverse image of the intersection in the statement is

| | @t/ nn (o).

vES,w

By the case p = (1), this is nonempty if and only if f admits a refinement which is a labeling of
content (1V). By the preceding paragraph, this is equivalent to f being a labeling of content . [

Proposition 5.8. When C"

Weell

(A fu)) = dim (It w™B,, /%) N, H(C_3)) = codinv(As, fu)-

(A f) is nonempty, its dimension is

dim(C’l’f}Cell
Proof. Take y,, = cp,, for 0 < ¢ << 1. We have that (t w1y yu=wty, + A
Take two N-gens z < y. First, suppose (w™ly,, a(x,y)) > 0, or equivalently (y,,wa(z,y)) > 0.
By the proof of Proposition 5.7, the labeling f,, satisfies f,,(x) < fu(y). Therefore, the contribution
of (z,y) to lcodinv(Ay, fuw) is 0. Using Theorem 5.1 in this case, we also have that the pair (z,y)
contributes to dim(C” N fw)) by the number of u satisfying the same inequalities in (19).

Now suppose (w™ty,, a(z,y)) < 0, or equivalently the labeling f,, satisfies f,,(z) > fu(y). The
second inequality in (19) becomes

y—y—(z—-7)
u < N .
Therefore the pair (z,y) has 1 more contribution to dim(C* (A, fw)) on top of codinv, ,(Ay) if and
only if
)T (-F) _ M- (-7
N N
which is equivalent to y < x + M or that (x,y) contributes 1 to lcodinv(Ayj, fu). O

5.5. Positivity and the Hikita filtration. By Proposition 5.7, we have

HfM(}'lg‘) = SpanC{C“

wean (A, f) | (A, f) is a labeled invariant set of content ,u}
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Definition 5.9. The positive (flag) affine Springer fiber FI4 is the union

Bt — U I
fl’y chcll(A,f)
(A,f): content pu,
AEIL,N

where we recall Iy, - was defined in §1.1. We endow the Borel-Moore homology HZM (FI4™) with
an increasing filtration F, given by

FaHfM(]:lﬁ"F) = SpanC{C“ (AS) ‘ Ael MN, content(A, f) = u, area(A) < a}

wcell

We call the filtration F, the Hikita filtration.
This filtration is induced by taking BM homology of the subvariety of F lﬁ’+ defined by

| - U Iz
‘Fl"/vga chell(Avf) ’
(A,f): content p,
AEIIT/I N> area(A)<a

We prove that F. lg’za is closed below, so that the area statistic induces a genuine stratification on
Tt B

Lemma 5.10. Suppose that w = wfj\wgnl and w' = wfj\,wgll are two elements of the affine Weyl
group, with A\, N € Xu(T) and wen, wh, € Sn. Furthermore, let X denote

N =g (A) = (A1) - o)
for o € Sy so that 5\0(1) > 5\0(2) > > 5\0—(N)- If w < w' in the Bruhat order, then Zigj 5\§°rt <
doi<i Nsott for all 1 < j < N.
Proof. Inversion preserves Bruhat order, so w=! < (w')~!. By [S05, Propositions 1.1(a) and 1.8(b)],
projection to the two-sided quotient by the finite Weyl group is order-preserving. Since w™! = wgnw 1

and (w')~' = wf ws,, [S05, Theorem 4.10] then gives A% < (X')*™ in dominance order, which is
precisely the asserted inequalities. O

Corollary 5.11. The subvariety ]:lg J<ra is closed.

Proof. Note that if A = Ay, then A is positive if and only if A\i > 0 for every i. When w =
Ween (A, f) = w_swg, for positive A, we have

N ~
area(A) = Z i

i=1
Suppose w' = ween (A, f) indexes a nonempty cell with A’ positive, and suppose further that
w < w'. Since w and w’ are comparable, we have ZZ Z A;. Hence, applying Lemma 5.10 for

j =N —1 gives
min \; > min A\, > 0,
7 7
In particular, the invariant set A corresponding to w is positive and area(A) = area(A’).
Thus the cells defining F lg‘ Ia are stable under the Bruhat closure relations. There are only
finitely many such cells, since \; > 0 and > A\i < a. Their union is therefore closed. g

In our main results, when we compute graded characters, we will always use the variable ¢ to
denote the grading coming from F,. That is, we associate the polynomial

grp HEY (FI) = 3 " dim grp HPM (F1t)

a
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5.6. Parahoric orbits and Hessenberg pavings. Let B :=B(4n) be the standard parahoric of
type (d") = (d,d,...,d). Take

¥ i=evi=1(y) = Z UCo + Z U Cq-
O‘GAknL aeAN*km
For S7-w € S?\ W and S7 - w- S, € ST\ W /S, let
By = Fl,NPwl/I, El = FIENPwB,/ B

Proposition 5.12. The cell EY; is nonempty if and only if there exists an element w' € STwS,,/S,,
such that W' = ween (A, f) for a labeled invariant set (A, f) of content p.

Proof. The cell E.; is a disjoint union of Iwahori orbits C’g, where w’ varies among all elements in
the left coset S% - w - S,/S,, so this follows from Propositions 5.3 and 5.7. O

In fact, the proof of Proposition 5.12 gives an affine paving of EL,. Moreover, the following lemma
puts nonempty cells El; in bijection with dominant labeled invariant sets (A, f).

Lemma 5.13. Let (A, f) be a labeled invariant set of content p. There is a unique dominant
(A4, f4) such that wy = ween(A+, f4) € Sy - ween(A, f) - S/ Sy

Proof. Suppose that (A, f) is a labeled invariant set of content p. It is clear that there is a unique
coset wiS,, € SJween (A, f)Su/S, with a representative w = wf;\wﬁ*n1 satisfying

M(e—1)d = Aoge—1yd = -+ = Agye—nya, for 1 <0< n

if \j = Aip1 for i 20 mod d, then wey(i) < wegn(i + 1).
We claim that this S, coset is of the form wy = ween(A4, f+) for a labeled invariant set (A4, fy) of
content p1. For this, we note that Ay = s~1(\) for s € S% and A satisfies the condition of Proposition
5.3. Therefore, as A, is sorted in blocks of size d, we have

12055 ((M)”(H)d - (Mm) < mmax, (M(efl)d - Aw)

so that by Proposition 5.3, C_5 # 0 and A = wy, (Zsg) is an invariant set. If Ay = s~!()), then

the function f;: Ngen(A,) — Z is determined by wg,s~! via Lemma 4.9. The labeling condition

for fi is then an easy exercise. We conclude that wy = ween(Ay, f1), as claimed. U
The dominant element wy = ween (A4, f+) also minimizes dim(CY,), as we prove below.

Lemma 5.14. Let (A, f) be a labeled invariant set of content u, and let (A4, f+) be the unique
dominant labeled invariant set of content p such that wi = ween(Ay, fy) € ST - ween(A, f) - Su/Su.
(See Lemma 5.15.) Then,

COdinV(A-H f+) = min {COdiIlV(A/, f/) | wcell(Alv f,) € Sg : wcell(A7 f) : Su} :

Proof. For an invariant set (A, f) and for z € Z, we assign the auxiliary “state” value

0  ifzgA
st(z) =< f(z) if 2 € Ngen(A)
00 else

It is immediate from the definition of a labeling that, for any labeled invariant set, st(z) < st(z+ M).
Moreover, if (A, f) = (A4, f+) is dominant, then it is easy to check that

(20) st(1+ (0 —1)d) < st(2+ (0 — 1)d) < --- < st(£d)
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for every ¢ € Z.. An inspection of the definition of codinv(A, f) = codinv(A) + lcodinv(A, f) shows
that this quantity is the sum of contributions
Clx) =#{z € [z, z+ M —1] | st(z) < f(x)}
where z € Ngen(A). For x =i+ ({ — 1)d with 1 <14 < d and ¢ € Z, we can rewrite this contribution
as
Cla) =#{j i <j<d st(j+(—1)d) < f(x)}

m—1

+ Y #{i11<i<d st(j+(C+r—1)d) < f(2)}

r=1
+#{j11<i<i, st(j+{+m—1)d) < f(z)}
After summing over all generators x, the central terms depend only on the multiset of generator
labels in each starting block and the multiset of states in each block being counted. These multisets

are preserved by the left S} action, so the total contribution of the central terms is independent of
ordering. Let us focus on the outer two terms:

Clla)=#{jli<j<d st(j+(—1)d) < f(a)}
+#{j11<i<i, st(j+{+m—1)d) < f(z)}.
Note that if j > i and st(j + (¢ +m — 1)d) < f(z), then we have
st(j+ (0 —1)d) <st(j+ (L +m—1)d) < f(z).

Moreover, the term j = ¢ in the second count contributes zero since st(x + M) > f(z). Hence, we
may absorb these terms into the second set and rewrite

Cllx)y=#{jli<j<d, st(j+{—1)d) < flz) <st(j+ (L+m—1)d)}
+#{j11<j<d st(j+(C+m—1)d) < f(z)}.
The second summand above is again independent of ordering after summing over all N gens and
hence is constant on the left S7 coset.
Finally, we now specialize to the case of dominant (AL, f1). In this case, (20) implies that for all
1 < j < d we have
f(@) =st(i+ (0 —1)d) <st(j+ (£ —1)d),
so that
#{jli<j<d st(j+({—1)d) < f(z) <st(j+({+m—-1)d)} =0
for all z =i 4 (¢ — 1)d € Ngen(A). Since all other terms have constant total contribution on the S
coset, and the remaining terms are nonnegative, we conclude that codinv(Ay, f1) is minimal in

Sg -’u}ceu(A,f) 'SM/SM' O

Definition 5.15. Suppose that (A, f) is a labeled invariant set with content z = (1VV). We associate
a parabolic P = P y) in H = GLy by the condition that the root space corresponding to the entry
(i+(—-1)d,j+ (£ —1)d) for 1 <i,j <dand 1 </{<n is contained in Lie(P) if and only if
wHess(i + (E - 1)d) - wHess(j + (£ - 1)d) <0.

For1<i,j<dand1</¢<mn,let1<ipj, <N be the residues mod N of

ip=0(—1)d+1i mod N, je=0B+¢—-1)d+j mod N
We associate a Hessenberg space m = ma 5 C g¢, stable under Pp py, to (A, f) by the condition
that the root space corresponding to the entry (is, j¢) is contained in m if and only if
alN for{<n-—b»b

21 ess 0) — ess ) <
(21) WHess (%¢) — WHess(J¢) {(a-l—l)N for{ >n—0»5
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Lemma 5.16. If (A, f) is a dominant labeled invariant set with content = (1) (see Definition
4.11), then ma 5y @8 standard in the sense that:

® mp f) contains the root space for entry (ig,jo) whenever i < j. (That is, each d x d block of
m(a ) contains a standard Borel.)
® P(a,p) is the standard, upper triangular Borel of H = GLy.

In particular, for such (A, f), ma r) is equivalent to the data of an n tuple of Hessenberg functions
m = (m®, ... m"),

Proof. Since A is non-increasing in blocks and wgy, is increasing whenever consecutive entries of A
are equal, we have

WHess (1) — WHess (1 + 1) = wen (1) — wan (i +1) + N(Nip1 — Xi) <0

whenever 7 and 7 + 1 lie in the same block of size 51 Ingieed, if 5\i > ;\i+1, the last summand is at
most —N, whereas wgy (1) — wgn (i +1) < N —1. If \; = A\;11, the inequality follows from dominance
and the distinctness of the labels.

Thus wyess is strictly increasing within each block. Consequently, the defining condition for P
selects precisely the upper triangular root spaces, so P is the standard upper triangular Borel.

To prove the assertion about m(a gy, it suffices to verify (21) for the diagonal positions within
each d x d block.

Fix1 <i<dand 1</¢<n,and put

0, £<n-0»
r=1+ (- 1)d, dp=1% " = ’ s=1r-+bd— 6 N.
( ) ¢ {1, {>n—0b, ¢

Thus 7,5 € {1,...,N} index a diagonal entry of the /-th d x d block. Write z, = r + N, and
s = s+ N A for the corresponding N-generators of A.

Since A is M-invariant, x, + M € A. This element has residue s modulo N, so zs < x, + M.
Using M = aN + bd, we obtain 5 5
As — A < a+ dy.
Moreover, 5 3

WHess(T") — WHess(8) = Wan(r) — wan(s) + N(As — Ap).
If A\s — A\ < a + &, then integrality and Wen (1) — wan(s) < N — 1 imply
WHess (7)) — Wiess(8) < (a + d¢)N.

If equality holds, then x5 = x, + M. The labeling condition gives f(z,) < f(xs), and this inequality

is strict because f has content (1V). Hence wgn(r) = f(z,) < f(xs) = waa(s), giving the same
strict inequality. O

We have the following combinatorial variant of Theorem 5.1 for FI,.

Theorem 5.17. Suppose that (A, f) is a labeled invariant set of content u = (1V). Recall that
7 = evi=1(7) is the evaluation of v att = 1. Then, E,,_ (A s is an affine bundle over the generalized
Hessenberg variety H(y,ma r)). Moreover, the rank of this affine bundle is exactly codinv(A,, f1)
where wy = Weell (A, f+) is the unique dominant representative of the coset Sjween(A, f)Su/Su-
(See Lemma 5.15.)

Proof. We must line up the spaces above with Theorem 5.1. In this case, the parabolic of H is
determined by w - (p1n)) = w - (¢p), and since ¢ is sufficiently small, this element in X.(T) is
regular (i.e. (w- (ep), ;) # 0 for all simple roots «;). Therefore, the parabolic P of H is Borel.
We must now line up the Hessenberg space m( sy with the one induced by the grading given by
w - (ep) — %p(dn). For 1 <i,j <d, we denote (ig, js) for the (7, 7) entry in the ¢-th block; that is,

ip=1+—-1)d mod N, jr=j+(b+¢—1)d mod N.
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Write w = w_j5 - wﬁ_nl; then we have
w - (ep) = A+ e(wg, - ).
Therefore, an entry in position (is, j¢) has grading under w - (¢p) — %p(dn) given by
M < X y y
a+ 5{Z§n—b} - ﬁ + ()‘ie - >‘jz) + E(pwﬁn(iz) - pwﬁn(j@))

where dgy<,,_py is the indicator function for £ < n —b. In particular, this is greater than or equal to
— 2 if and only if

. . — if £ <n-—
Xi, — Aj, > { “ ) lfﬁ ; " Z and if equality holds in the previous, way(i¢) < wean(je),
—a—1 i n—

where we recall that a = L%J It is not hard to see the above is equivalent to the following single

inequality:

. < alN ifl<n->
—N (R, = Ag,) + whin(ie) — win(ie) < -
(Nip = Aje) + W (i) — wen(Je) {(a—l—l)N 0o m—b

As we defined whess = wan - w_5, the left hand side is exactly whegss(ir) — WHess(Je)-
To conclude, we must compute the rank of the affine space bundle E,, (). We can decompose

Ewcell(Avf) = U chell(A’7f’)
(A% f):
Weell (A, f)EST Ween (A, f)-Su /Sy

into left Iwahori cells, with C,,  (as, ) being affine spaces of dimension codinv(A’, ') by Proposition
5.8. This stratification is compatible with the affine paving of the Hessenberg variety H (5, m(a f))
in the sense that C',  (as s is an affine space bundle of the same rank as E,,_ A’ ) over an affine
cell of H(¥,m(a f)). Since any affine paving of H(¥,ma y)) has at least one element which is a
single point (corresponding to the trivial Bruhat cell), it follows that the rank of the affine space
bundle Ewccll(A/7f/) is

min {Codinv(A', ) [ ween(A', ) € S - ween (A, f)}

The result now follows from Proposition 5.2 combined with Lemmas 5.13 and 5.14. O
Corollary 5.18. The (q,t)-bigraded Sq Frobenius character Frobsd(ngHfM(]-"l,t)) is
Z qau“eau(A)tt:odinv(A,f)Em(A 5 (Y, t)

(Af): AEI?\;[ N dominant,
content (1V)

We now consider the case of FI§. There is a surjective map Fl, — Fl4 induced by the projection
Gk /I = Gk /P, Under this map, the preimage of the cell EY; is the union Uwesm\w.s, Buw - Recall
that z; € Ngen(A) denotes the unique N gen such that z; =4 mod N.

Definition 5.19. For a labeled invariant set (A, f) of content u, we consider the parabolic P(a )
in H = GL}; whose Lie algebra is a sum of root spaces, and contains the root space for entry
(t+ (¢ —1)d,j+ (¢ —1)d) if and only if
F@ir—1ya) = F@ie@—1)a) + NNy @—1)a — Aise—1)a) < 0.
The following is easy to verify.

Lemma 5.20. If (A, f) is a dominant labeled invariant set, then P 5y is a standard parabolic of
H = GL]} (which in particular contains an upper triangular Borel).
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Definition 5.21. If (A, f) is a labeled invariant set of content p, let ween(A', f') € [ween (4, f)] be
a representative of the coset, with (A, f') being a labeled invariant set of content (17). We define
the Hessenberg space m, y) associated to (A, f) to be the orbit

ma,f) = Bayy - ma
That is, we set

maf) = > L
Weell (Alvf/)e [wcell (A,f)]

where the sum is over all elements of the coset W2 /S, which are of the form ween (4, f') for (A, ')
of content (17V). More explicitly, m(a,r) is the sum of root spaces indexed by (i, j,) satisfying

. . aN, t<n->b
f(@i,) = fzj,) + N(Aj, = Aip) < {(a—i—l)N, {>n—b

Theorem 5.22. Let (A, f) be a labeled invariant set of content u. The cell E{f} WAL is an affine

space bundle over the Hessenberg variety Hp,, ,, ¥ ma,p)-
Moreover, when (A, f) is chosen to be dominant, the graded Syq Frobenius characteristic is

_ tcodinv(A,f) =

FI'ObSd (H*BM(EM '—‘m(A’f> (Y7 t)/Autt(a(A,f))

wcell(Azf) ))
where a5y 15 the tuple of compositions of d which corresponds to P y)-

Proof. That m(x ) is the relevant Hessenberg space follows from an identical argument to the proof
of Theorem 5.17. We must justify why P s agrees with the parabolic of Theorem 5.1. The
parabolic P is determined by the grading on Lie(H) induced by ween(A, f) - (6p,) = A+ e(wg - o),
so that Lie(P) contains the root space associated to the entry (i + (¢ — 1)d,j + (¢ — 1)d) whenever

Nit(=1)d — N (e-1yd + (B wgn (i+-(c—1)d) — (Pr)wgn G+ (—1)d)) = O

which is equivalent to the condition for Pa ry since one can check

o ) 1 '
(Wi~ )i = (Pu)wen() = N > pi-g| = fl@).
i>1

To conclude, we must compute the rank of the affine space bundle EZ (ALf) which we do with an

cell

identical argument to Theorem 5.17. Namely, the rank of the affine bundle is equal to the minimal
dimension of an affine cell

min {codinv(A', f') | ween(A', f') € Sjween (A, £)Su/Su},
and the result follows from lemmas 5.13 and 5.14. 0
Corollary 5.23. The (q,t)-bigraded Sy Frobenius character of grp HEM (FIL™) is
Y, t)

area codinv Em ) (
Probs, (re HEV(FISt) = 3 guea@peediag e D
~ . uti(a,g))
(Af): AEIM,N

dominant, content p
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5.7. Main results for affine Springer fibers. We now finish the proof of the Sy x Sy Frobenius
characteristic of grp HPM (FIT).

Theorem 5.24. The (q,t)-bigraded Sy x Sq Frobenius character of HfM(Fl,JYr) is
. = Yt
Frobsocs, (s OV (R = 30 YD greemintan Srea )

Aut
HEN (AL f): A€l ute(aa,p)

dominant, content p

my(X)

where the variables Y give Sy Frobenius character and the variables X give Sy Frobenius character.
Proof. We pair both sides with h,(X) for u a partition of N. On the left hand side, we have
(Frobgy xs, (grp HPM (FIF)), hu(X)) = Frobg, (grpHZY (FILT))
_ Z qarea(A)tcodinv(A,f) Em(A,n (¥;1)

Autt QA
(A f): A€l (@)
dominant, content p

with the last equality following from Corollary 5.23. Since (my, h,) = dy,, this agrees with the
right hand side, and so the result follows. O

Part II. Coherent side

Keep M = dm and N = dn > 2, where d, m,n are positive integers and ged(m,n) = 1, and set
¢ = M/N = m/n. In this part, write G = SLy and g = sly. Let 7" C G be the diagonal torus, with

Lie algebra h = {(ml,...,xN) cCV | Zfilxz :0}_

6. CHEREDNIK ALGEBRAS AND CHARACTER D-MODULES

6.1. Rational Cherednik algebras. For b € C, the rational Cherednik algebra Hy, := Hy(Sn, b) is
the C-algebra generated by b, h* and Sy with relations

[z,2] = [y,9] =0, wrw ™! = w(z), wyw ! = w(y),
[y, 2] = z(y) — Z b(aws, y)(, O‘;/>57
seS

where z,2’ € b*, y,y' € h, w € Sy and (—, —) is the natural pairing. Here S C Sy is the set of
reflections, a5 and a are the root and coroot associated with s, normalized by (as, ) = 2.

For an irreducible Sy-representation p, extend p to S(h) x Sy by letting h act trivially. The
Verma module M () = Hy @g(5)xs, i has a unique simple quotient Ly(x).

6.2. Modules of minimal support. For b € C, let O(H;) denote the category of finitely generated
Hp-modules on which S(h)4 acts locally nilpotently [GGORO3]. Here S(h)4 is the ideal of positive-
degree elements in the symmetric algebra S(h). Its simple objects are Ly(u), indexed by the
irreducible Sy-representations.

Theorem 6.1 ([W10], [EGL15, Theorem 2.2]). The minimal support of a nonzero object of O(H,),
as a C[h]-module, is

d

Xan =8N (21,21, Zdy - -5 Zd) Zzi =0
N———— N——— i—1
n n
The simple objects with this support are L.(n\), where A\ = d and n\ = (nA\1,n\a,...). The full
subcategory of O(H.) supported on Xg, is semisimple and equivalent to Repe(Sq), with Le(n))

corresponding to the irreducible representation indexed by A.
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Remark 6.2. Since dim X4,, = d — 1, the minimal-support simples are infinite-dimensional when
d > 1. When d =1, L.((V)) is the unique finite-dimensional simple.

6.3. D-module lifts of minimal supported modules.

6.3.1. Functors on D-modules. For a smooth algebraic variety X, let Dx be its sheaf of differential
operators and put D(X) = I'(X, Dx). Recall that every coherent Dx-module M admits a good
filtration: an exhaustive increasing filtration F; M compatible with the order filtration on Dx such
that grf M is coherent over grDy = SymTy. We write gr(M) for the corresponding coherent sheaf
on T*X; see [HTTO08, Section 2.1]. The support SS(M) of gr(M) in T*X is called the singular
support of M, which is independent of the choice of a good filtration.

For a morphism f : X — Y of smooth algebraic varieties, write fi, fi, and f1 for direct
image, direct image with proper support, and inverse image in the bounded derived categories of
holonomic D-modules. In terms of the transfer modules of [HTT08, Section 1.3], our conventions
are fi(—) = Rf«(Dyx ®p, (—)), fi(=) =Dy fiDx (=), f1(=) = Dxy ®% 1p, f71(~) where Dx
denotes Verdier duality.

For a locally closed embedding i : U < X of smooth varieties and a holonomic Dy-module M,
its minimal extension is i1, M = im(H° (i M) — H%(i;M)). An integrable connection on U (i.e. an
Op-coherent Dy-module) is called clean if its minimal extension coincides with the extensions using
4 and 7.

6.3.2. Induced cuspidal D-modules. Let & be the rank-one integrable connection on the regular
nilpotent orbit O,y C sl, with monodromy e?™m/m as in [L86], [FG10, Theorem 5.5] and [M24,
Section 2.5.2]. Since ged(m,n) = 1, & is clean for the inclusion j : O, < sl,, as no smaller
nilpotent orbit supports its order-n central character. Let N,,, be its minimal extension to sl,,
equipped with the Hodge module structure induced by the weight-zero variation of type (0,0) on &..
Choose the standard parabolic Q C G with Levi L = S (GLfL). Then

[:=Lie(L) = sl® @3,

3:=3(0) ={(z1lpn,...,2qln) | 21 + -+ + zq4 = 0}.
We use the parabolic induction functor Indg for equivariant Hodge modules from [BLM26, Sections
5.1-5.2]. Concretely, for ¢ = Lie(Q), it pulls an L-equivariant module back along the Levi projection

q — [, forms the associated G-equivariant module on G x© g, and takes direct image along
g, ] = Ad(g)z.

Definition 6.3. The character D-module of parameter (M, N) is
Nyn = Indg (NS4 R 0O;).
Put
3 = (1L zala) €3 | 2 A 2 for i # j}, g3:= G- (3° + O,
where Ol(jn) is embedded block-diagonally in [. The map
5= G X (P +0L) = % lg.a] — Ad(g)e

is a finite étale Sg-cover recording an ordering of the d generalized eigenspaces.

Let IE%L be the connection on g induced from EXd with the trivial connection along 3°. Permuting
the blocks extends the equivariant structure to the normalizer of L in G, giving an Sgz-equivariant
structure on IE,‘?,L for the deck action. This is the construction in the proof of [BLM26, Theorem 6.1],
applied to the Lie algebra as in [BLM26, Section 6.2]. Set

ES, := ¢CE%,, E,.,:= Homg,(V;,E2,) Vrtd,
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where V. is the irreducible Sg-module indexed by 7. For a connection on a locally closed stratum of g,
IC(g, —) denotes its minimal extension to the closure of the stratum, followed by closed pushforward
to g.

Theorem 6.4 ([BLM26, Section 6.2]). The deck action induces an action of Sq on Ny n as Hodge
module automorphisms, and there is an Sy-equivariant decomposition

NM,N = @VT & IC(g7Em,‘r)-
THd

The IC summands carry their induced Hodge structures, and the multiplicity spaces V; have Hodge
type (0,0).

Proof. By the Lie algebra analogue of [BLM26, Proposition 6.5], Nys n is the intermediate extension
of E;,. The deck action extends uniquely to the intermediate extension, and the finite-group isotypic
projectors give the displayed decomposition, as in the proof of [BLM26, Theorem 6.1]. These maps
preserve the type-(0,0) variations and hence are morphisms of Hodge modules. ]

Corollary 6.5. Under the Sy-action from Theorem 0./,

gr(Nan) = @ Vs @ gr(1C(g, B 7))
THd

Proof. The isotypic projectors are morphisms of Hodge modules and hence are strict for the Hodge
filtration. Apply associated graded to the decomposition in Theorem 6.4. ]

For A\ = (\) F d, let O,n C g be the nilpotent orbit of Jordan type nA = (nA;,na,...).
Writing b = ged(A;), one has m1(Opy) = Z/(nb)Z. Let K, » be the rank-one connection on Oy
corresponding to the character sending the standard generator to e2™m/m,

Throughout, we identify g with g* by the trace pairing and write § for Fourier transform on

Dy-modules.
Proposition 6.6 ([BLM26, Proposition 6.7]). One has
§(IC(g, Em,r)) = 1C(g, Ky rt),

where Tt denotes the transpose partition. Consequently, with the Si-action transported by Fourier
transform,

F(Nun) = P Vr @ 1C(g, Ky ).
THd

These are isomorphisms of underlying D-modules.

Lemma 6.7. The center Z(G) acts on Ny n by ¢ — M. Let gq:= gf’l. For every 7+ d one has
(22) SS(IC(g,Em,7)) C {(2,y) € 8a X Opre | [2,9] =0}, 4

where voq indicates taking reduced structure.

Proof. On each K, \, a generator of Z(G) acts by e2mim/n — 2mM/N - Eourier transform preserves
the G-action, so Proposition 6.6 gives the asserted central character of Ny .

The module IC(g, E,, r) is supported on g4, and Proposition 6.6 identifies its Fourier transform
with IC(g, K,, ;¢), supported on O,,,¢. Since the original module is monodromic for scalar dilation
(the Euler vector field acts locally finitely on its global sections), Fourier transform acts on its singular
support by (z,y) — (y, —). Thus its singular support lies in gq x O,,,¢. Finally, G-equivariance
imposes the moment-map equation [x,y] = 0. O
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Remark 6.8. By Lemma 6.7, the G-action on Ny n extends to GLy by letting 21 act as 2M . Indeed,
let (g,2) € G x C* act by z™ times the given action of g. The kernel of the map G' x C* — GLy,
(g,2) = 2g, consists of ((In,( ') with ¢ € Z(G). Each such element acts trivially by the central-
character formula, so the action descends to GLy. Replacing m by m + kn for an integer k leaves
the underlying G-equivariant Hodge module unchanged and replaces this GLy-action by its tensor
product with det”, since M changes to M + kN.

6.4. The Calaque-Enriquez-Etingof construction. Write Nj; v := I'(g, Ny n). We use su-
perscripts to indicate the rank: H,(f) := Hy(S,, by), Al()r) = e(T)Hl(f)e(”)7 and Ll(f) (1) denotes the
simple module with lowest S,-type pu. Here b, is the reflection representation of S, and e is its
symmetrizing idempotent. With this notation, the module introduced in the introduction is

LM,N = @VTt ® LE\JJ/)N(nT).
THd

For a G-equivariant Dg-module M, put

N * G
FOD (M) = (T(g, M) @ (VHEMYE v =V,
The Calaque-Enriquez-Etingof (CEE) construction equips this space with a Cherednik-algebra
action [CEE09]. We follow the formulation in [EGL15, Section 7.6], which uses V* as above. In
particular, the number of tensor factors is the rank of the resulting Cherednik algebra, and its
parameter is N/M = 1/c.

Theorem 6.9 ([EGL15, Proposition 7.5]). The functor FS\]/}[) takes values in H(N]‘j[])\/[—mod, with Sy

acting by permutation of the tensor factors. For each partition X+ d,

FUY (BUC( Kma)) 2 LG, (mA).

Consequently, there is an Sg-equivariant isomorphism of H%])\/I—modules
G~
(23) (Narw ® (V)M = @B Vo @ LY (mr) = Ly -
THd

Proof. In [EGL15, Section 7.6], replace the matrix size by N and the number of tensor factors by
M. The orbital module IC(g, K, ») has support O, and central character A/ mod N. The CEE

(Nj\fj)\/[((M/d))\) Moreover, §2 is pullback by
x — —x, which preserves the isomorphism class of each of these orbital modules. Thus Proposition

6.6 gives

correspondence therefore sends its Fourier transform to L

Fip) (1C(g, B ) = L)), (ma?).

Apply Fg\y) to the decomposition in Theorem 6.4 and reindex by 7 = o?. O

For 0 < i < M, the Koszul differential sends f ® (v1 A -+ Av;) to Z;Zl(—l)j_lfvj ® (v1 A
-+ 0j--- ANv;), where f € SymM~¢(V*) and v; € V*. We take its target to be zero when ¢ = 0. It

gives
Sym™ (V) @ AY(V)

Homg,, (A'har, (V)EM) 2 ker . .
M( M ( ) ) N SymM71+1(V*) ® /\zfl(v*)
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Tensoring with Njs n, taking G-invariants, and using (23) yields

@ V;+ ® Homg,, (/\ith ng/v? (mT))
THd

(N ® Sym™={(V*) @ A1(V*))C

(24) = ker , , .
N (NM,N ® SymM—H-l(V*) ® /\z—l(V*>)

Remark 6.10. Mirabolic D-modules provide a related approach to Cherednik algebras through
quantum Hamiltonian reduction [FG10, GGO6], as discussed in [CEE09].

7. HODGE ASSOCIATED GRADED OF CHARACTER D-MODULES

Following [M?24, Sections 3-4], we construct two Koszul complexes whose derived pushforwards give
the Hodge associated graded sheaves of Ny y and its trivial Sg-summand IC(g, E,, (4)). Throughout
this section, gr denotes the coherent sheaf associated with the Hodge filtration, and grading shifts
are defined by (F(s))r = Fkr—s. For a vector space W with linear coordinates z, our Euler operator
on D-modules is

dim W
(25) Hyy = ijax]. + 5
J

This convention is compatible with direct sums: Hw,qw, = Hw, + Hy,. We record Euler and
filtration degrees by ¢, h, respectively; Euler characters may involve half-integral powers of gq.

7.1. The induced DG-module. We adapt the construction of [M24, Section 3.7] to the Levi
L = S(GLY) of Definition 6.3. Let B C @ be the upper-triangular Borel, B = G/B, b = Lie(B),
n=[b,b], and by, = h N[, []. With 3 = 3(), set by, := b, & n,

my :=br P @ (CEi+1,i7 %M7N =G xB ((5—!—11) xmL).
1<i<N
Here E;j; is the matrix unit with its only nonzero entry equal to 1 in position (¢, ). In other words,
the negative simple-root spaces in my, lie within the size-n Levi blocks. Since [3 +n,mz] C by, the
commutator defines the first of the maps

qr - Xun — G xB oy, l9,2,y] = [g, [z, y],
ar : Xun = T7g, [9, 2, y] = (Ad(g)z, Ad(g)y).

Let pr: 3 +n — nNI be the projection taking the nilpotent parts of the diagonal blocks, and put
U :=pr~1(0¢ )). The B-equivariant pullback pr*(£¥¢) on U induces a connection on G' xB U. Let

(n
M N be its minimal extension to G xB g, equipped with the Hodge module structure induced by
the variation of type (0,0). By construction, the direct image of My, y along [g,z] — Ad(g)z is
N, v
Let 7 : Xy, v — B be the projection and b} = G xB b} the associated vector bundle. Put

(el = ([ic] = [(i — 1)el),.
and define the DG module

(26) A = (O @7 (ABE @ L))ty -

Here ¢, is contraction with the commutator, and £y = G xB C,, where C} is the one-dimensional

z,y] ,
B-module of weight A\ with trivial unipotent action. The exterior term A7 has cohomological degree

_].
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7.2. The rectangular DG-module. Let P C G be the standard parabolic with Levi S(GL}}) and
nilradical up. It stabilizes a flag of dimensions d,2d,...,(n — 1)d. In n x n block notation, with
each block of size d, put

The action map G x” up — 5(nd) resolves the orbit closure and is an isomorphism over O(,qy. Let
Mp be the P-equivariant minimal extension to up of the restriction of K, (;ay to O,4) Nup, with
the Hodge structure induced by its variation of type (0,0). Take the induced G-equivariant Hodge
module on G x¥ up, and take its pushforward Mg\cf[)’ yonG x P g along the closed embedding. By

construction, the direct image of ME\?N along [g,z] = Ad(g)x is IC(g, K, (14))-

The module Mp has an explicit description in blocks. For 0 < i < n, put
ki := [ic], o :=k;—ic.

For1 <i < n,set A; = x;;4+1; then 0 < o; < 1, whereas ag = o, = 0. Each adjacent block A; carries
the determinant connection Oy, [det™'] det ™. Here O[det '] det® denotes the rank-one connection
with a formal generator e satisfying de = a d(det)/ det -e for every vector field 0 on {det # 0}. Each
block x;;, with j > i + 1, carries the trivial connection. For 0 < «; < 1, the determinant connection
on {det # 0} is clean for the inclusion GLg < gl; by [LY26, Remark 5.3]. On the open set where
every A; is invertible, their tensor product is generated by ®?:_11 det(A;)~*. The equivariant
structure inherited from K,, 44y gives this generator the Levi character [];_, det(g;)F~Fi-1 for
(91, gn) € S(GLE).

Let ip : up — g be the closed embedding. Using the monodromic Hodge-module Fourier
transform of [CD21, Theorem 1.4], composed with pullback by x — —z on the target to obtain our
sign convention for §, define €y := gr(M}) for

(27) Mp := F((ip);Mp) (R —dimg+ VV;dJ) .

Parentheses (—) denote the Tate twist, with Fj,(M(t)) = F,—¢+M and
R := dim(G/P) = d? (Z)

Let (Mg\? ~)V be the G-equivariant Hodge module on G x!" g associated with M}; thus it is the

Fourier transform along the fibers of MS\C/II) n» with the displayed Tate twist. By Proposition 6.6, its

proper direct image along [g, z] — Ad(g)z is IC(g, E, (4)), with the twist normalizing the Hodge
type of E,, () to (0,0).
The embedding up — g induces the maps
T up <& up xg T*g = Tg
where p is the co-differential. The filtered closed-embedding formula of [HTT08, Section 1.3] gives
& ((ip){Mp) = @, (5 G (Mp) ® /5 (dimg — B),

where wy,, /g 1= Wyp @ ipwy ! is the relative canonical bundle.
Let 0 : T*g — T*g be the map o(z,y) = (y,—x). By [CD21, Theorem 1.4], there is an
isomorphism of P-equivariant coherent sheaves, with the regrading specified in (28) below,
6 = .. (P EMP) © ).

Take W = g in (25). Let (53, k) denote the Hg-eigenvalue and Hodge degree of a homogeneous global
section of gr((ip);Mp). Fourier transform sends Hy to —Hg. In these degrees, the regrading above
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is

(28) (8, k) —> (—5, k+ R+ VV;dJ + [ﬁ— di;ngb.

Here k includes the shift dim g — R from the closed embedding, and the target grading includes the
Tate twist in (27).
The sheaf € is supported on the scheme
Zp :={(z,y) € mp X up | Tit1,¥iir1 = Yiir1ir1s = 0 (1 < i <n)}.

Indeed, these equations are the symbols of the infinitesimal left and right gl; actions on the adjacent
size-d blocks, and hence they annihilate the associated graded. They also imply [z,y] € up, so
contraction with [z, y] defines a Koszul differential with values in up.

Set Zp =G xF Z?), let 7p : Zp — G/ P be the projection, and write ‘Jz\;/ for the induction of €
to Zp. With uh = G x u%, define

(29) AE\Z{N = (‘%\3/ ® Tp (wG/p ® /\'ﬁ), L[Ly]> .
Put ap: Zp — T*g, [9,z,y] — (Ad(g)z,Ad(g)y).

7.3. Associated graded of character D-modules.

Theorem 7.1. There are GLy x C*-equivariant isomorphisms of coherent sheaves on T*g, where
the GLy-actions extend the G-actions by letting zIn act as 2™, as in Remark 6.8, and C* records
the Hodge grading:

(1) & (Narv) = Rlap)wAuv (N — d).
~ - d
(2) g (IC(0, Epn (a)) = R(ap)oAY] v (~R).
Both derived pushforwards are hence concentrated in cohomological degree zero.

Proof. The arguments of [M24, Theorem 3.4, Proposition 3.5, Theorem 3.8] apply to M,y and
(Mg\}l) ~), whose proper direct images are Njs y and IC(g, E,,.(4)), respectively. O

8. ErriprTiCc HALL ALGEBRAS AND HILBERT SCHEMES

8.1. Bigradings. Put 4 = (C*)2. On g x g we use the action
(30) (U,U) ’ (xay) = (u—1$7v—1y)’

so that the coordinate functions on the two factors have weights ¢ and ¢, respectively. Write F for
the Hodge filtration and normalize it by

0
F]QNM,N = Fj}}kadNM,Nv gr'Noas v = gr’ Np v
By Theorem 7.1(1), gr’N M,N corresponds to the coherent sheaf R(ar).«An, N with its geometric
A-action. The CEE construction gives
(N) M)

Ly 2 ) (Narw) 2 @ Vi Ly, (),
THd
G

FOLyar o= (FINyy ® (V*)EM)™,

Each simple L%‘;[])V[ (m7) inherits a filtration by applying Homg, (V;+, —) to F°Ly ;. Exchanging

M, N defines FOLM,N from Ny »s, with Hodge shift M — d.
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The dilation vector field Zj r;0,; preserves the Hodge filtration on the monodromic module

Ny, N, so Hy acts on gr’N m,~n- Under the CEE isomorphism (23), it induces the Euler element in
(M)

Hy/m
v 1 M-1
hgv/]z/[ = 5 Z (xaya + yaxa)
a=1

where z, € b3, and y, € hys are dual bases. Restriction to the subgroup {(u,u™!)} C A sends a
geometric weight ¢’t/ to ¢*~7, while its filtration degree remains j. Thus characters in the Hy and
FY gradings are obtained by substituting ¢t = h/q and applying a uniform Euler shift. Theorem 8.1
determines this shift; we record the resulting convention in (32).

8.2. Bigraded characters. Let k = C(q,t) and let A be the ring of symmetric functions over
k. The polynomial representation below takes values in symmetric functions in X. We use the
positive half 1 of the elliptic Hall algebra, its elements @, ,, and its polynomial representation in
the conventions of [M24, Section 4.4].

For symmetric-group representations, ch denotes the same Frobenius characteristic as Frob in Part
I, with the torus gradings included; for GL,-representations, ch denotes the ordinary torus character.
For both Sy- and Sjs-characters, the Frobenius alphabet is X. Write wx for the involution sending
sx(X) to syt (X), where ! is the transpose partition.

Theorem 8.1. With q recording the hg\]j/)N—gmding and h the filtration degree, we have

¢~V - )" ehsy aler"Larn) = wx Q- V(X 4, 7/q)-

Proof. We compute Ly s from Ny y and then exchange M, N. An analogous proof of [M24,
Theorem 4.6] applies to show
0 ¢’ d
chs, xa(gr'Lywv) = WWX( nm - D(X5¢,h/q)
for a scalar shift b. Here the trivial extension to 3(I) contribute (1 —¢)~(@=1),
To determine b, set h = 1. Write £(A) = >_(; /ex(J — %) and let x*((m%)) denote the character of

V on cycle type (m?). The operator formulas of [GTWX 17, Theorems 1.2 and 1.6] gives

(31) wx(@m D] = (1= @l ™2 3T A () {}
7 t=q! AFM

By [EGL15, Theorem 1.4] and 5 ,dim V; s;[py,] = pe,, the Euler-graded character of Ly s is
the same sum as (31) but multiplied (1 — ¢)¢™ /2, Hence b+ d(m —1)/2 = (M — 1)/2, giving
b= (d—1)/2. Exchanging M, N gives the stated formula. O

Remark 8.2. Theorem 8.1, with M, N exchanged, shows that a vector in gr’N m,n of geometric
bidegree (i, ) has (Hy, F9)-bidegree

. o d—1 .
(52) iy (1= = v =)+ 520 )
Thus the character conversion is t = h/q followed by multiplication by g~ (N=d)+(d=1)/2 = After

tensoring with Oc to pass from sly to gly, use Hy, = Hsiy + Hc; the scalar factor has geometric

1 and Euler character ¢!/ 2(1 — ¢)~'. The corresponding multiplier for the full

(N=d)+d/2 Ve use these conversions throughout.

character (1 —q)~
matrix space is therefore ¢~
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8.3. Coherent sheaves on Hilbert schemes of points. We give a realization of Qg,m in terms
of coherent sheaves on the Hilbert schemes that enjoy cohomology vanishing properties.

Let Hilb" be the moduli of colength N ideals in C[z,y], and let & : Hilb = — Sym™ (C2) be the
Hilbert-Chow map. Take

Hilb"Y := ¢ ((hy @ bn)/Sn).
Let ¢ C g? be the reduced commuting scheme. Set

Hilb = {(z,y,v) e €x V| Clz,ylv=V}.

on which the diagonal action of GLy is free and the resulting quotient is Hilb". The action of A in
(30), acting trivially on v, descends to Hilb" .

8.3.1. The BKR equivalence. The isospectral Hilbert scheme is the reduced fiber product
THilbY = (Hib™ x5y s (03 @ DN)) -

Let « and 8 be its projections to Hilb™ and hy @ by, respectively. The Procesi bundle P :=
O 1s an Sy X A-equivariant vector bundle of rank /N!. The Bridgeland-King-Reid equivalence
[BKROL, H01] gives

Oy : DY Coh(Hilb™) = D% 1Coh(hy & hy),
F — RB.La*F.
By the projection formula,
RT(hy © by, @n(F)) = RO(HiLY, P L F).
Composing the K-theory of ®n and the Frobenius characteristic yields an isomorphism

(33) k@ KA HID )oe = A, [F] — chg, xaRT(Hilb", P @" F).

r>0
8.3.2. The induced coherent sheaf.

Proposition 8.3. The coherent sheaf g~r0(NM’N) is scheme-theoretically supported on &€, and

Proof. Put R = C[T*g] and E = grNy v, and let I C R be the ideal generated by the entries of
[z,y]. The infinitesimal G-action preserves the Hodge filtration, so its principal symbols annihilate
E; hence IE = 0. Since Nz n underlies a Hodge module, E is Cohen-Macaulay by [Sai88, Lemme
5.1.13]. In particular, its associated primes are the generic points of components in its supports,
with no embedded associated primes.

By Lemma 6.7, Supp(FE) is contained in the locus of commuting pairs (x,y) with y nilpotent. For
each nilpotent orbit O C g, the variety {(x, y) €gx O |[z,y] = 0} is isomorphic to the conormal
bundle to O, and is irreducible of dimension dim g. There are finitely many nilpotent orbits. Since
E is the associated graded of a holonomic D-module, every component of Supp(E) has dimension
dim g and therefore equals the closure of one of these conormal bundles.

Every such component meets the open set U = g™ x g, where g'®® consists of matrices whose

centralizer in g has dimension N — 1. Indeed, write a nilpotent matrix y in Jordan blocks y1, ..., ys.
The block-diagonal matrix with blocks a;I + y;, for pairwise distinct a;, commutes with y and is
regular.

On U, the scheme defined by I is the total space of the rank-(/N — 1) vector bundle ker(ad z)
over g8, so it is reduced. Thus IOy = /I Oy, and IE = 0 implies (vI E)|y = 0. But VI E is a
submodule of E, so all its associated primes belong to Assp(E). Every such prime is the generic
point of a support component meeting U. Consequently VIE =0, proving scheme-theoretic support
on the reduced scheme €.
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By Theorem 7.1(1), we have erO(NMJV) = R(ar)«Am,n. The complex Ay n has no negative
internal degrees: the base coordinates have degree zero, the cotangent coordinates and exterior
generators have degree one, and the twisting line has degree zero. Hence grgN m,n =0 for j <0.

Since the filtration is bounded below, FBINMJV = 0. ]

— N — N
Take the natural maps p : Hilb — € and w : Hilb  — Hilb" that forget the cyclic vector and
take the quotient, respectively. Proposition 8.3 justifies the following definition.

Definition 8.4. Let Sy n be the coherent sheaf on ¢ whose pushforward to T™g is g’;VrO(NM, N)-
Define its descent to the Hilbert scheme by

Fun = (@ap*Sa,n) V.

We use the GLy-lift of Remark 6.8. The A-action on the Koszul complex Ay n (26) commutes
with this lift and hence descends to Fps n.

Define

d
En,d = {Zn(ai, 0)

i=1

a; € C, Zai = 0} C (bn @ bn)/SN-

Then Supp(Far,n) C & (Zna)-
Proposition 8.5. One has

qN—d J
K([Fumn]) = W( mtnn 1)
Proof. Apply the proof of [M24, Proposition 5.4] using Theorem 8.1. O

8.3.3. Vanishing of higher cohomology. Let PV be the dual of the Procesi bundle. For a simple
Sn-representation W, write

Py = Homg, (W, PY).
The proof of [M24, Theorem 6.4] can be adapted verbatim to imply the following result.
Theorem 8.6. For 0 <i< N —1 and j > 0, one has
HY (Hilb™, Farny @ Py ) = 0.
Moreover, there is an Sg-equivariant isomorphism
H° (HilbY, Fas v @ Py ) = Homg,, (A'bar, gr’Livar).
More generally, we expect that

Conjecture 8.7. For j > 0, H’ (Hile,}"M,N ® PV) = 0 and there is an Sy X Sg-equivariant
isomorphism
HO(HY, Fyn @ PY) 2 gLy v

9. THE S4-ACTION AND REFINED CHARACTERS

We now go back to the Sg-action of Theorem 6.4 and refine the character formula in Theorem
8.1. The approach is as follows: for the fixed primitive pair (m,n), we let the number of blocks vary.
Parabolic induction defines an algebra homomorphism from symmetric functions to the localized
K theory, as shown in Proposition 9.1. This reduces the calculation to the trivial summands in
Proposition 9.2. We compute the character of the trivial summand in Proposition 9.3 using Theorem
7.1 and compare it with h,[(t — 1) X" "] in Theorem 9.4. This computes the Sy x Sy x A character
of Las,n-
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Throughout this section, coherent sheaves carry the geometric g¢,¢-grading of (30), while D-
modules and Cherednik modules carry the Hg,, and FO gradings tracked by ¢, h. The conversion
is fixed by Theorem 8.1 and Remark 8.2.

9.1. Hall convolution. For each r > 0, let &, C g[z be the commuting scheme. We equip

(34) @ KGLTXA(ET)IOC
r>0

with the Hall convolution product * of [SV13, Sections 7.2-7.5] and [BLM26, Section 5.1(i)].
For r > 1, write N, := rn. With respect to the direct sum gly = sly, ® Cly,, we take

N, := Nrm,rn X Oc,
N, := Homg, (V;,N,) for 7 r.

Put K, :=r(n — 1) and use the normalized filtration FJO = F}iKT,

filtration degree zero. For the closed embedding 4, : €y, < T* gly,., Proposition 8.3 gives a coherent
sheaf gr,T characterized by (iT)*gr,T = ng ONW such that

with the factor O¢ generated in

ChGLNT XAHomST (VTa Srm,rn)-

ChGLNT XAST,T = 1

Define the k-linear map
VA = P K AE e, U(s,) i=q %S, Vrbm, (1) = 1.

r>0
FY)-

Thus symmetric functions of degree r map to the rank-N, summand. By Remark 8.2, the (Hy, Ny

bigraded character of NTJ becomes qT/QCh\I/(sT) after setting h = qt.
Proposition 9.1. The map ¥ is an algebra homomorphism.

Proof. Let at-a and § = b. We induce from the Levi GLy, x GLy, C GLy, ,. By transitivity

of induction, Ind(ﬁla X ﬁlb) ~ ﬁlaﬂ,. On the stratum of matrices with a + b distinct eigenvalues,
each having a single Jordan block of size n, the deck cover records an ordering of these blocks.
Permutations within the first a and last b blocks give the restriction of the S, ,-action to S, x Sp.
This compatibility extends to the minimal extensions by Theorem 6.4. Taking multiplicity spaces
and applying Frobenius reciprocity gives

~ ~ ~®cT,
(35) Ind(Noo BNy ) = €D N, 37,
THa+b
where cj 5 are the Littlewood-Richardson coefficients, defined by snsg = ) ChpSt- By [BLM26,

Lemma 5.2], the relation (35) passes to associated graded sheaves on €y, ., and gives the proposition.
O

9.2. Reduction to the trivial component. Let K be the subalgebra of (34) generated by za[(’)gl],
a € Z, where z is the standard character of GL;. We now use the geometric realization of £* from
[SV13]:

C:EPP S K, OQua)=(1-9¢)(1—1)2%0g].

Write h,, e, for the homogeneous and elementary symmetric functions. For coprime » > 0 and
v € Z, the formal alphabet X“" identifies A with the commutative subalgebra A(X%") C £T of
slope v/u, where p,[X""] has bidegree (ru,rv) and Qy, = p1[—(1 — ¢)(1 — ) X™"]. We make the
following reduction.
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Proposition 9.2. For a fized d, each of the following two families of identities
(36) g 57(S, an] = Cler[(t — 1)X™™))  for all 1 <7 < d,

(37) 18, ] = Clhyl(t = DX™™))  forall 1 <7 <d
1 equivalent to the identities
(38) U(s;) =C(s[(t—1)X™™])  forall |7] < d.
When (38) hold, we have
(39) S0 (s,)s, Y] = Clhal(t — 1)X™™Y)).

+d

Proof. For the first statement, use Proposition 9.1 and the Jacobi-Trudi identities,
St = det<hn—i+j)1§i,j§€(‘r) = det<eff—i+j)1§i,j§ﬁ-
For (39), apply the Cauchy identity

C(hgl(t — 1)X™™Y]) = Z Clse(t — DX™™])s,[Y].
THd
O

9.3. Character of the trivial component. For the alphabet Z = (z1,..., zn,) for characters of
GLy,, set

Ar(q, 15 Z) = chary, xal(8ly, . N, ).

By Remark 8.2, ¢7"/2A,(q, qt; Z) = ch¥(h,).
For two size-r alphabets U, V', define

+=(2) 1— gt
40) Dp(U,V):= ———— det , o) := U, —U,).
w0 D0 V) = sy e (T awr) O =)
Write
(1 - gta)(1 — g/a) i
bi := [im/n] —[(i —1)m/n], g(a) := T s A (2) =[] (0= azi/2).
ij=1
Proposition 9.3. For every r > 1, the character A, satisfies
Agn, (2) A qt: Z) = ¢ R Ke N H (det Z;) H Du(Z7Y, Ziyn)
ZiUeUZp=7 i=1 i=1
|Z1|=-=|Zn|=r
(41) I ITa-e727 ] 1T 9(='/2)-
J>i42 2€7; i<j 2€%;
ZIEZ]' ZIEZj

The sum is over ordered decompositions of Z into size-r alphabets. We write det Z; = HzGZi z and
Z7 ={z"1: 2z € Z;}. All block indices lie between 1 and n.

Proof. Apply Theorem 7.1(2) withd =r, g =sly., and R =r ( ) We compute the alternating
character of RF(A&:,)%M) from its fiber over the standard flag in G/ P, tensor with Oc. By (29), the
restriction is € tensored with the relative canonical line bundler and A*uj..

The D,-term. Let U,V record the left and right torus weights. Then the torus character of
OMat, [det™!] det ™ is Y oassa, SA(U)sA(V). The term indexed by A has relative Euler degree
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Al =", Aq. For rational 0 < a < 1, [LY26, Theorem 1.4 and Proposition 5.1] give the first Hodge
degree in which this summand occurs as

dy := Zmax{[ozf (14+X+7r—a)],0} = Zmax{f)\a —r+a,0}.
a=1

a=1

Since the rational Schur decomposition is multiplicity-free, this is its degree in the associated graded.
The Fourier regrading (28) changes its relative H and Hodge degrees from (||, dy) to (—|A|,dx+|A|).
Indeed, the Euler degree changes sign, and [8 + |A|] — [5] = |A|. Consequently, setting h = ¢t the
block (4,7 4 1) contributes

o g (Z7sn(Zi) = De(Z, Ziva).
A1 2> A

Indeed, expand

1—gqt _
(i DU ST

k>0 k<0

Cauchy-Binet and the Weyl character formula index the determinant expansion by k1 > --- > k,,
where kq, = Ay + 7 — a. The g-exponent is ) max{—k,,0} = dy, and the t-exponent, including

t= (), s 30, max{ka, 0} — (5) = Al + do.
The (1 —t2'/2)~ and g(2'/z) terms. After restriction to the Levi, the normal derivatives, the

polynomial coordinates on the blocks x;; with j >+ 2, and the Koszul exterior factor contribute
Sym(gly, /up), Sym([up,up]*), and A®u}p, respectively. Their characters are respectively

HAW(ZZ-)_IH [Ta-e/7" JI T[T a-t727" T I - atz'/2).

i<j z€Z; jZl-‘rQ z€Z; Z<j 2E€Z;
Z/EZ]' ZIGZ]' ZIEZJ'

The line bundle and grading shift. At the standard flag, w,, /o has character det(u}), and wq/p

has character det(u%)~!. They cancel, leaving the generator of character [],(det Z;)%. Since m and
n are coprime, the numbers o; = [im/n] —im/n for 1 < i < n permute 1/n,...,(n —1)/n. Thus
the common generator ®!~' det(A;)~% has H,,-degree R/2 — 1Y, = (R — K,)/2 and Hodge
degree zero. Pushforward along the closed embedding subtracts (dim g — R)/2 from its H-degree
and adds dim g — R to its Hodge degree. Consequently, (28) gives

K, di K, di
(—— e R, dimg—R)H(—&— e g R),

2 2 2 2

where the Hodge degree uses [— K, /2| = —| K,/2|. Including the scalar constant of Hc-degree 1/2,
the shift (—R) in Theorem 7.1(2), and the normalization F]Q = F}i &, gives the common factor

KT/2+N3/27PL( )fKT _ qN3/2fKr/27Rthr _ qr/2+n(£)t7Kr.

q qt

Induction from P to G. Localization on G//P produces the term [],_; HzeZi,z/er (1—2/2)7L.

Multiply the resulting character by A, n,(Z). The diagonal-block factors A, (Z;) cancel, and for
each pair of distinct blocks the remaining factors combine as

1 —qta
(1—ga)(1 —a™1)
Altogether, we obtain (41). O

(1 —qa)(1—q/a) =g(a), a=2/z



AFFINE SPRINGER FIBERS, CHEREDNIK ALGEBRA MODULES AND HILBERT SCHEMES: TORUS LINK CASH

9.4. Comparison with the complete shuffle generators.
Theorem 9.4. Write ch := ChGLNTxA- For everyr > 1,

2 An(q, 4t Z) = hC (R [(t — 1)X"™))(2).
Consequently (37) and (38) hold.

Proof. Recall that N, = rn and K, = r(n — 1). In this proof, write A, := V(h,), B, := C(h,[(t —
1)X™™]) and Ag = By = 1. Since ch(A,)(Z) = ¢ "/?A,(q, qt; Z), it suffices to prove A, = B,. We
argue in steps, following [N 14, Proposition 5.2, Lemma 5.5 and Section 6.11].

Step 1: We show that A,,B, € C(A(X™™)). This is immediate for B,. For A,, nilpotent cotangent
support (22) and [N22b, Section 1.2 and Theorem 1.4] implies that A, lies in the image of C. Its
character has degree rm in N, = rn variables, so the slope criterion of [N14, Sections 2.6 and 6.11]
reduces the claim to

(42) dege (47 %) Mgy, (€U.V)eh(A,) (€U V) ) < U,

where Z =UUYV.

In a summand of (41), write Z; = £U; UV, with |U;| = r;. Put £ = |r; — r;41]|. In the determinant
defining D,,(Zi_l, Zit+1), expansion by minors forces a minor containing both U and V' to be of size
at least £. Its entries have expansions in positive powers of €1 whose coefficients factor into row and
column factors. Nonzero minors therefore require distinct exponents, with sum at least (¢ + 1)/2.
Including the Vandermonde factors gives

_ 00+ 1 75 T
deg,gDr(Zi 17Zi+1) < - ( 5 ) + <2> - < ;1> —rig1(r —rig1)

= —rip1(r —ri) = (ri = rig1)+,

where ay := max{a,0}. Since g(a) ~ —qta at infinity and g(a) ~ ¢ at zero, the g-factors for i < j
contribute degree 7;(r — r;). For nonadjacent blocks this is canceled by (1 —tz’/z)~1. For adjacent
blocks the bound above leaves —(r; — 7;4+1)+. Hence

deg, (each summand) < Z bir; — Z(r, — Tig1) 4

<n

Decompose each level set {i : r; > h} into maximal intervals [[, j]. Such an interval contributes

J . .
jim [—1)m j—1l+1)m

Zbi_1j<n:’7“_’7( ) —‘_1j<n§( ) )

P n n n
with equality only for [I,j] = [1,n]: use [jm/n] —1 < jm/n when j < n, and coprimality when
j=mnand [l > 1. Summing proves (42), and equality holds only when r; = --- =r),.
Step 2: We show that A, and B, satisfy the coproduct identities. Transport the symmetric-function
coproduct p; — p; ® 1 +1® p; through C, and let ALP, denote its component with output matrix
sizes ns,nr. For s,r > 1, we claim

ALY (AS+T) =A; @A, AVD (BS-H“) =B, ®B,.

ns,nr ns,nr

The second identity follows from the coproduct of homogeneous symmetric functions. By [N14,
Proposition 5.2 and Section 6.11], the first is equivalent to

Ns+'r

Jim ¢mq=CE) A v, (€U, V)eh(Ag g ) (€U, V)

(43) = (¢ )20 @A) @) ) (a7 Ay, (V)eh(A)(1V))

where |U| = ns, |V| =nr.
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By Step 1, only decompositions Z; = {U; U'V; with |U;| = s, |V;| = r survive. The off-diagonal
determinant entries tend to zero, giving

(det V;)®

44 Doir(Z7Y, Zigy) ~ (—t) ST — 1
( ) + ( 7 +1) ( ) 5 (det Ui+1)r

Dy(U7 Y, Ui1) Dr (Vi Vi)

For every i < j, the g terms containing both U and V variables contribute

(det U;)"

—at)ST ST EST .
(—qt)*"¢*"¢ (et V,)°

The factors involving ¢, £, and the determinants cancel against the prefactor in (44) for adjacent
blocks, or against the (1 —tz’/z)~! factors containing both U and V variables for nonadjacent
blocks, leaving ¢?*" in either case. The determinant monomials contribute £°, while

g PG Ko 25r(3) = =7 (5)4=Ks g2 (3) 4= Ko

All remaining factors belong separately to the U- and V-summands. Their ordered decompositions
are independent, proving (43).

Step 3: Induction on r. The coprime identity from [M24, proof of Proposition 5.4], after tensoring

with O¢ and multiplying by ¢~ 51 = ¢~ (1) gives

AL = (1= )7 C(Qnm) = C([(t = 1)X™™]) = By.

If A; = Bj for j < r, Step 2 implies that C~!(A, — B,) is primitive. Since the degree-r primitive
subspace of A is spanned by p,, we have

Ay =B = %C(p [ X™™]), €k

Step 4: For r > 1, we prove v, = 0 by specific evaluation. For an alphabet Z = (z1,..., zx), put

k
Ap(Z) =[] (1 —tzi/z), Dk i=Dgpls.

ij=1

Expand the adjacent determinants in (41). The denominators 1 — tz’/z cancel against A y,, and
1 — qz/2' against the g-factors; the remaining denominators are regular at the specialization. For
each a, canceling the zero factor 1 — (t%z)/(t*"1x) requires t**'z to lie in a block above t%z. A
nonzero term would therefore require N, > n strictly decreasing block indices. Hence

(A, ch(A)) (xtNr=1 ) = 0.
For B, for r > 1, the shuffle formula [GN25, (46)], gives
(A, ch(B,)(ztN =1 ... x) = 0.
By [N14, Section 6.6 and Proposition 6.9], we have
(ANTchC’(pT[X"’m]))(:L‘tN"_l, ...,x) #£0.

Applying these specializations to A, — B, = 7,C(p.[X™™]) gives 7. = 0 and completes the
induction. O
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9.5. Sg-characters. Let « : & — Endg(A) be the polynomial representation of the full elliptic
Hall algebra, let 7 : ET°P — £ exchange slopes by 7(Qu4) = Quu, and let p : K — Endg(A) be
the geometric Hall action on the full Hilbert schemes, transported by the Frobenius characteristic.
Define V on the modified Macdonald basis in X by VHy = ¢"*)t"Y Hy | where n()\) = Yo E=1)N;.
The action comparison [M24, Proposition 5.1] is
(45) p(C(N)=Valr(f))Vh,  fe&™
Return to M = dm and N = dn. For 7 F d, put

]:M,N,'r = Homgd(VT,]-"M,N).
Theorem 9.5. With respect to the Euler and filtration gradings,
(46)  chyxsxa(gr’Lan)(X,Yig, h) = ¢ V/2(1 — q) wx (ha[(t — X™"Y] - 1) ‘t:h/q'
Moreover,

(47) R(IFung]) = a1 = @)V (s-[(¢ = 1)X™"] - 1).

Proof. By the definition of ¥ and (38), [:S'Vd,T] = ¢V =4C (s, [(t — 1)X™™]). Setting the scalar base
coordinate to zero multiplies this class by 1 — ¢ and gives the class of Homg, (V;, Sar,n), extended
by zero to €y.
By [M24, Proposition 5.2] and [BHMPS23, Proposition 3.5.2],
(chary xaC(s-[(t — 1)X"’m]))IDOI = wx (s7[(t — 1)X™™] - 1).

Summing over s,[Y], using the Cauchy identity, and noting the factor ¢(*=1/2 from Theorem 8.1

gives
chsyxsax A (g L) (X, Vg, h) = ¢V (1 = q) wx (hal(t = DX™7Y]-1)|

Exchanging M, N gives (46).
For (47), k([Fm,n+]) equals the Hall action of the class S, on 1, as in the proof of [M24,

Proposition 5.4]. Applying (45) and V™11 = 1 gives the result. O
9.6. Comparison of the two joint characters. Recall that oy n := (M_l)(NQ_l)er_l.
Theorem 9.6. [KO26D]

> S S

Autt(a(A f)) "
pEN (Af): AGI]‘&’N ’
(A,f) dominant, with content p
o
= {'MN wxwy (hd[(t — 1)Xm’nY] . 1) ‘tb—>t*1 .

Keep the alphabets of Theorem 5.24 with X and Y recording the Sxy- and Sg-actions, respectively.
The variable g records the Hikita filtration, and ¢* records HQBiM . The involutions wx and wy
transpose Schur functions in the indicated alphabet.

Theorem 9.7. We have the following identities
tOMNFrobg, xs, (gt p HEM (FIT)) (X, Y3 g, )
= Wxwy (hd[(t — 1)Xm’nY] : 1)
:q—(d—l)/Q
I—gq
d—N
WYChSNdeXARF (Hile, PY® -FM,N)

|th—1
wychgy xs,xa(gr'Lan ) (X, Y5 q,q/t)

q
1—gq

‘b—)t—l :
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Proof. Theorem 5.24 and Theorem 9.6 give the first equality. The second equality is Theorem 9.5.
For the third equality, multiply (47) by s.[Y] and sum over 7 F d. By (33) and the Cauchy
identity, this gives

chgyxs,x AR (HilbY, P @ Farn) = ¢V 41 — @)V (ha[(t — 1)X™"Y] - 1).

The equivariant perfect pairing on the Procesi bundle gives

PY2P®O(-1)®sgng, .

Under k, tensoring by O(—1) corresponds to V!, while tensoring by sgn corresponds to wy. Hence
the third equality follows. O
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[BLM26]
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