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Representations of Rational Cherednik algebras

h ⊂ sln, W = Sn ⊃ S reflections, c ∈ C

Definition (using Dunkl embedding)
The rational Cherednik algebra Hc := Hc(h,W) is a subalgebra of
D(hreg)⋉ W generated by h∗, W, and yi − yi+1, i = 1, . . . , n − 1, with

yi :=
∂

∂xi
− c

∑
s∈S

⟨αs, xi⟩
αs

(1 − s).

Deformation of D(h)⋉ W at c.
eg: n = 2, s = (12), (y1 − y2)

(
(x1 − x2)k) =

( ∂
∂x1

− ∂
∂x2

− 2c 1−s
x1−x2

)(x1 − x2)k =

{
(2k − 4c)(x1 − x2)k−1 when k is odd
2k(x1 − x2)k−1 when k is even
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Finite-dimensional representations of Hc

C[h]: Polynomial representation of Hc.

C[h] ↠ Lc maximal irreducible quotient

Theorem (Berest-Etingof-Ginzburg, 2003)
When c = m

n for m ≥ 1, (m, n) = 1, the only finite-dim irrep of Hc is Lc.
Only when c = m

n for (m, n) = 1 does Hc have finite-dim reps.
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Dunkl form

Fourier transform: Φc(xi) = yi, Φc(yi) = −xi, Φc(w) = w

Dunkl bilinear form:

(−,−)c : C[h]× C[h] → C, (f, g)c = [Φc(f)g]|xi=0.

Ic := Ker(−,−)c, Lc ∼= C[h]/Ic

e.g: (y1 − y2)
(
(x1 − x2)k) = ( ∂

∂x1
− ∂

∂x2
− 2c 1−s

x1−x2
)(x1 − x2)k ={

(2k − 4c)(x1 − x2)k−1 when k is odd
2k(x1 − x2)k−1 when k is even

⇒ I m
2
=

{
((x1 − x2)m), L m

2
= C[x1 − x2]/((x1 − x2)m) when m is odd

(0), L m
2
= C[h] when m is even

.
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HOMFLY as a graded character

Theorem (Gorsky-Oblomkov-Rasmussen-Shende, 2014)

HOMFLYa,q(Tm,n) = a(n−1)(m−1)
n−1∑
i=0

a2ichq
(
HomSn(∧i(h),L m

n
)
)
.

q: action of
∑

xiyi + yixi

Conjecture (GORS, 2014)
There exists a filtration on Lc whose associated t-grading yields the refined
identity

cha,q,t(HHH(Tm,n)) = a(n−1)(m−1)
n−1∑
i=0

a2ichq,t
(
HomSn(∧i(h),L m

n
)
)
.
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Proved cases: m = nk + 1, a = 0

Gordon-Stafford (2005): (Lk+ 1
n
)Sn ∼= Γ(Hilbn

0(C2),O(k)) (doubly graded)

(Cm,n(q, t): q, t-analogue of the Catalan number 1
m+n

(m+n
m

)
)

Haiman (1998): chq,t(Γ(Hilbn
0(C2),O(k))) = Cnk+1,n(q, t)

Mellit (2017) : cha=0,q,t(HHH(Tm,n)) = Cm,n(q, t).
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Filtrations

inductive filtration
algebraic (Chern) filtration
perverse filtration (∼ compactified Jacobian of ym = xn)
Hodge filtration (∼ cuspidal mirabolic D-module)
......
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Inductive filtration

Definition
The inductive filtration Find is defined inductively such that
(base case) 0 = Find

−1 L 1
n
⊂ Find

0 L 1
n
= L 1

n

and the following isomorphisms are
filtered:

Flip: when m, n > 1, eL m
n
∼= eL n

m

Shift: when c > 1, Lc ∼= Hce− ⊗eHc−1e eLc−1

(e = 1
n!
∑

w∈W w such that eLc ∼= LW
c ;

Hc is filtered by deg(x) = deg(y) = 1, deg(w) = 0.)

e.g: 13
5 ≻ 3

5 ≻ 5
3 ≻ 2

3 ≻ 3
2 ≻ 1

2
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Algebraic filtration

βc: a nonzero highest weight vector in Lc.
a := (C[h]W+ )

Definition
The algebraic filtration is defined by

Fa
j Lc = Φc((a

j+1)⊥c)βc

Falg
i Lc =

∑
2j+k≤i

Fa
j Lc(k)

Theorem (M.)
Falg = Find.
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The case of sl3 when c = 5
3

a⊥c = the space of c-harmonic polynomials spanned by
1, ξi = xi − xi+1, αi = (yi − yi+1)δ, i = 1, 2, δ (Vandermonte)

-4 -3 -2 -1 0 1 2 3 4

1 p2 p3 p2
2 p2p3 p3

2 p4
2

ξi ξip2 ξip3 ξip2
2 ξip3

2

αi αip2 αip2
2

δ δp2

Falg
3

Falg
2

Falg
1

Fa
0Fa

1Fa
2Fa

3
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Proof strategy: two matrices

R := C[h]/a: coinvariant algebra

Rn A−→ Rn−k B−→ Rn for 1 ≤ k ≤ n − 1

A =

xn−1
1 xn−2

1 · · · xk
1

· · ·
xn−1

n xn−2
n · · · xk

n

B =

 xk
1 xk

2 · · · xk
n

· · ·
xn−1

1 xn−1
2 · · · xn−1

n



Find = Falg iff Im(A) = ker(B) for all 1 ≤ k ≤ n − 1

iff rank(A) = (n − k)n!
2 for all 1 ≤ k ≤ n − 1.
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Example: k = n − 1

A =


xn−1

1
xn−1

2
· · ·

xn−1
n

B =
(
xn−1

1 xn−1
2 · · · xn−1

n
)

R/Im(A) = C[h]/((C[h]W+ ) + (xn−1
1 , · · · , xn−1

n ))

= H∗(Bmin) = IndSn
S2

triv

Bmin: Springer fiber at the minimal nilpotent orbit
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Thank you!
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