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Khovanov-Rozansky homology

Defined by Khovanov using Soergel bimodules.
A triply graded generalization of Jones, Alexander,︸ ︷︷ ︸

1 variable

HOMFLY-PT︸ ︷︷ ︸
2 variables

polynomials.

Example
T2,3: HOMFLY(a, q) = 1 + q + a (up to renormalization),

cha,q,tHHH(T2,3) = 1 + qt−1 + at−1

T2,5: HOMFLY(a, q) = 1 + q + q2 + a(1 + q),
cha,q,tHHH(T2,5) = 1 + qt−1 + q2t−2 + a(t−1 + qt−2)

.
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Representations of Rational Cherednik algebras

h ⊂ sln, W = Sn ⊃ S reflections, c ∈ C

Definition (using Dunkl embedding)
The rational Cherednik algebra Hc := Hc(h,W) is a subalgebra of
D(hreg)⋉ W generated by h∗, W, and yi − yi+1, i = 1, . . . , n − 1, with

yi :=
∂

∂xi
− c

∑
s∈S

⟨αs, xi⟩
αs

(1 − s).

Deformation of D(h)⋉ W at c.
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Finite-dimensional representations of Hc

C[h]: Polynomial representation of Hc.

C[h] ↠ Lc maximal irreducible quotient

Theorem (Berest-Etingof-Ginzburg, 2003)
When c = m

n for m ≥ 1, (m, n) = 1, the only finite-dim irrep of Hc is Lc.
Only when c = m

n for (m, n) = 1 does Hc have finite-dim reps.
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RCA vs KhR

Theorem (Gorsky-Oblomkov-Rasmussen-Shende, 2014)

HOMFLYa,q(Tm,n) = a(n−1)(m−1)
n−1∑
i=0

a2ichq
(
HomSn(∧i(h),L m

n
)
)
.

q: action of
∑

xiyi + yixi

Conjecture (GORS, 2014), Theorem (M., 2024)
There exists a Hodge filtration on Lc whose associated t-grading yields the
refined isomorphism

HHH(Tm,n) ∼= HomSn(∧•h, grHod
• ⊕ Lc(•)).
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Proof method

FO(Hc): filtered objects in category O of Hc.

G-equiv filtered mirabolic D-mod
Hamil red

ttjjjj
jjjj

jjjj
jjjj

j
Descc◦gr

**VVV
VVVV

VVVV
VVVV

VV

FO(Hc)
Gordon−Stafford // CohC∗×C∗

(Hilbn)

Nc: cuspidal mirabolic D-module
quantum Hamiltonian reduction of Nc equals LSnc .
The equivariant K-theory class corresponding to Descc ◦ grHod(Nc)
has HHH(Tm,n) as a matrix coefficient.
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The example of T(4, 3), a = 0

q, t-Catalan number!
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Thank you!

Xinchun Ma (University of Chicago) RCA & knots May 27, 2024 8 / 8


